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Abstract

This paper dealswith the problem of classifying signals. The new method for building so
called local classi ers and local features is presered. The method is a combination of the
lifting schemeand the supprt vector machines Its main aim is to produce e®ecti\e and
yet comprehensibleclassi ers that would help in understanding processeshidden behind
classi ed signals. To illustrate the method we preser the results obtained on an arti cial
and a real dataset.
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1. Intro duction

Many classi cation algorithms such asarti cial neural networks induce classi erswhich have
good accuracy but do not give an insight into the real processwhich is hidden behind the
problem. Although predictions are made with high precision such classi ers do not answer
the question \Wh y?". Even algorithms sucd as decisiontrees or rule inducers very often
produce enormousclassi ers. Their analysisis almost intractable by the human mind. It is
even worsewhen thesealgorithms are usedfor problems of signal classi cation. In practice
good accuracy without an explanation of the classi cation processis useless.

In this article we describe an approach which can help in building classi ers which
are not only very accurate but also comprehensible. The method is basedon the idea of
the lifting scheme(Sweldens,1998). The lifting sthemeis used for calculating expansion
coexcients of analysed signals using biorthogonal wavelet bases. The biggest advantage
of this method is that it usesonly spatial domain in contrast to the classical approac
(Daubedies, 1992) in which the frequency domain is used. As originally lifting schemedid
not give us enoughfreedomin incorporating adaptation we usedits modi ed version called
update- rst (Claypoole et al., 1998).

Assumewe act in spaceRN spannedby a biorthogonal basef Aigl., andfAg, . Vectors
fAgl, and fAg, are biorthogonal in the sensethat

D’ ,E
AR =1

wheres; = 1if i = j and O otherwise.

°c Wit Jakuczun.
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Each vector x 2 RN can be expressedn the following way

x= ®A 1)

D E
where ® = A;x are expansioncoezcients. Very important feature of vectors fDAi gi”:E

is that they can be nonzeroonly for sewral indices. It implies that for calculating A;x

only a part of the vector x is needed. This feature is called locality .

The aim of the method preserted in this article is to nd suc an expgnsiog(1) by
implicitly constructing biorthogonal basef (A; 5)g, , that coetcients ® = A;x areas
discriminativ e as possiblefor classi ed signals.

More speci cally we assumethat atraining setX = f(xi;yi) : xi 2 R";y; 2 fi 1;+19d-,
is given. For each basevector A; we get a vector of expansioncoezcients ® 2 R

. D E
@)= A;xi

For eadh such vector we can nd a number b 2 R called bias for which

sgn@ (i) + B) = y;

For calculating expansioncoezcients we usedthe idea of supprt vector machines(SVM)
intro duced by Vapnik (1998)'. SVM proved to be one of the best classi er inducers. Com-
bining the power of SVM and the locality feature of the designedbasewe were able to build
classi ers with a very good classi cation accuracy and which are also easily interpreted.
We presert experiments obtained for an arti cial datasetsand a real dataset. The arti cial
datasetsallowed usto verify our method and to better understandits features. Experiments
conducted on the real dataset proofed usefulnessof the method for real applications.

2. Outline of the paper

The paper is divided into two main parts and the appendix. The rst part is dewoted
to a description of the method and consistsof three subparts. First we presen a general
outline of the method next we intro duce somenotation that will be usedin next part that
gives detailed description of the method. The rst part of the paper we end with a short
summary of the preseried method. In the secondpart of the paper we presen a results of
the experiments conducted both on the arti cial and the real dataset. In the appendix we
shav how to exciently solve optimisation problemsthat arisein the method.

3. Metho d description

In this section we will describe the new method for designing discriminativ e biorthogonal
basesfor signal classi cation. In fact we will be computing only expansioncoezcients of

1. More precisely, we used PSVM a variant of SVM called proximal support vector machines (Fung and
Mangasarian, 2001).
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some implicitly de ned discriminativ e biorthogonal base. The method is a combination
of update- rst version of the lifting scheme (Claypoole et al., 1998) and proximal supyort
vector machines (Fung and Mangasarian, 2001).

3.1 Outline of the metho d

The method is basedon the Lifting Schemethat is very generaland easily modi ed method
for computing expansion coezcients of analysedsignal with respect to biorthogonal base.
The method is iterativ e and ead iteration is divided into three steps

2 SPLIT - Signalis splitted into two subsignalscontaining even and odd indices.
2 UPD ATE - Coarse approximation of analysedsignal is computed from subsignals.

2 PREDICT - Waveletcoetcients are calculated using coarse approximation and sub-
signal containing even indicies. Those coexcients are simply inner products between
a weight vector and small part of coarse approximation and evensubsignal We used
proximal supprt vector Machines (Fung and Mangasarian, 2001) to calculate the
weight vector. As PSVM is the procedurefor generating classi ers we decidedto call
obtained expansioncoezxcients discriminative waveletcoezcients.

Coarse approximation is usedasan input for next iteration. As the coarse approximation is
twice shorter than original signal the number of iterations is bounded from above by In(N)
where N is the length of the analysedsignal.

3.2 Notation

Assumewe are given a training set X

n 0
X = (xi;y) 2 RNE 14104 = 10000

where N = 2" for somen 2 N. Vectors x; are sampled versions of signals we want to
analyseand y; 2 fi 1;+1g are labels.
Having set X we create two matrices

0 1
X
A = % g 2 R|£N
x|
and 0 1
Y1
Yi
Let | = fiy;:::;ixg be a set of integer numbers (indices). We will usethe following short-



Wit Jakuczun

We will alsousea special notation for accessingodd and even indices of a vector x 2 RN

Xo

1
~~
X
—~
=
N
X
—~
W
N
X
—~~
Z
=
N
o
—
o
=
o
Q.
o
5
=
(@}
D
(]

Xe

11
~~
x
~—~~
N
—
x
tow)
~
N
x
—~~
Z
N
N—r
—
o
=
%
>
=
=
(@)
(¢
n

Finally we will usethe following symbols for special vectors
0 1

1

ez X
1

and 0 1
1

0k
e = :
0

The dimensionality of the vectorse and e; will be clear from the context.

3.3 Three main steps

As we have mertioned before the method we proposeis iterativ e and ead iteration step?
consistsof three substeps.

3.3.1 First substep - Split

Matrix A is splitted into matrices A, (odd columns) and A ¢ (even columns)

0 1
Xord

1
AO — E‘) g 2 R|£N:2
Xo|

and 0 1
Xed

1
Ae:%) 22R|£N:2

Xel
3.3.2 Second substep - Up date

Having matrices A, 2 R'EN=2 and A 2 R'EN=2 we create matrix C 2 RIEN=2

0 ;1

G
c= %(AO"‘Ae):%) : g

a

C

This matrix will be called coarse approximation of matrix A.

2. We also use a hame decomposition level for iteration step.
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3.3.3 Third substep - Predict

In the last step we calculate discriminative waveletcoezcients. For ead column k of matrix
Ae (k = 1;2;::::N=2) we create matrix AK 2 R'2L«*1 where L, 2 N is an even number
and a parameter of the method.3

xe1(k) i cf

A k = : :
xer(k) i cf

where ck = ¢;(Ix) and I is a set of indices selectedin the following way

2 1f1- k< B thenly=f1,2:::;Lkg

2 )f oo k< B Bothenty=fki S+ 10k + Seg
2 f N Be ke Nthenl= 1% L+ 10089

At this point our method can be splitted into two variants: regularised and non-
regularised.

2 regularised varian t: This variant usesPSVM approac to nd the optimal weight
vector wk 2 RL«*1 . According to Fung and Mangasarian (2001) optimal wk is the
solution of the following optimisation problem

min k.o, . k}kwkk%+ }°|§+ O—kk»kk% 2
WHR Ik > 2 2 2
subject to constraints
Y (A*wK i cre) + » = e (3)

where »* is the error vector and °k | 0.

2 non-regularised varian t: Similarly as in regularised variant the optimal weight
vector wk 2 Rb« s given by solving the following optimisation problem

: 1 k2, Loz, °k 2
min Wk;ok;»k ékW k2 + é + ?k»kkz (4)
subject to constraints q q
Y HA"“ Lo ke 4 k= 5
wk | ok& T =€ )

where »* is the error vector and °K | 0. The only di®erenceto the previous variant
is that dimensionality of wK is Ly instead of L + 1 and xei(k) is multiplied by one.

In this variant we can also add someextra constraints such that in caseof polynomial
signals (up to somedegreepy) we will get wavelet coexcients equal to zero. These
constraints can be written in the following way

Bkwk = e (6)

3. In preserted experiments we assumedthat Ly = L for someconstant L 2 N.
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wheree; 2 RP« and B¥ consistsof the st p, rows of the Vandermondematrix for

(Claypoole et al., 1998) and (Fern&ndezet al., 1996).

The additional constraints could be usefulif analysedsignalsare superposition of poly-
nomial and someother possibly interesting component. They imply that polynomial
part of the analysedsignal is eliminated and thus interesting component will play a
bigger role in constructing discriminative waveletscoe+cients. Also constructed base
will have similar properties to the standard wavelet base. In the appendix the reader
can nd information on how to exciently solve this extended optimisation problem.

We have not used this variant in our experiments but presen it for completeness
reasons.

Having optimal weight vector wX we can calculate vector dX 2 R' of discriminative
waveletcoexcients using the following equations

2 regularised variant

(& M TA
dk() = wk X_e'(lk() i= 1200
| Ci
2 non-regularised varian t
D E
d¥(i) = xei(K) i wiiek  i= 12

where h ¢iis a standard inner product.

In a result we obtain a matrix D 2 R'EN=2
i ¢
D="dl ¢t dN=2
3.4 lteration step
The whole algorithm can be written in the following form

2 Let M be the number of iterations (decomposition levels).

2 Let Ap=A

{ Calculate Cry 2 RE2™ and Dy, 2 R'E2™ by applying three steps described in
the previous sectionto the matrix A m; 1.

{ SetAm =Cn.

The output of the algorithm will be a set of matricesCy ;D 1;:::;Dm. On the basisof
these matrices we create the new training set
n o]
XNeW = (xPew. vy 2 RNE 1410 = 10 7)
where new examplesare created by merging rows of matricesCy ;D 1;:::;Dm
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3.5 Metho d summary

We introduced the method that maps the set of signals X into a new set of signals X "W,
In the preseried setting this map is a linear and invertible function f : RN 1 RN

where

o
£
NN
U

o o
RN
NN

are calculated by the method. With increasingm more and more samplesfrom the original
signal is usedto calculate expansion coezcients. For exampleif we setLy =~ L for all k
then to calculate vector d¥ L2™ samplesof the original signal will be used.

Here we presern two most important features of the method

2 Motiv ation for the method is that only a small part of the signalsis important in
classi cation process.The method tries to identify this important part adaptively.

2 Exploiting natural parallelism (calculating d* is completely independert for eah k)
and Sherman-Morrison-Woodbury formula (Gene H. Golub, 1996) the method can
be implemented very exciently. In the appendix A we shav how to properly solve
optimisation problemsthat appearsin our method.

4. Applications

This section contains description of possible applications of the proposed method. It is
divided into two parts. In the rst part we presen an illustrativ e example of analysing
arti cial signalswith the proposedmethod. In the secondpart we presert the results for
the real dataset.

4.1 Articial datasets

Here we presert results obtained on arti cial datasets: Waveform and Shape.

4.1.1 Dataset description

Waveform is a three classarti cial dataset (Breiman, 1998). For our experiments we used
a slightly modi ed version (Saito, 1994). Three classesof signals were generatedusing the
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following formulas

x1(i) = uhy(i)+ (1i u)hy(i)+2(i) classl (8)
x2()) = uhy(i)+ (1i u)hs(i)+2(i) class2 9)
x3(1) = uho(i)+ (1i u)ha(i) + 2(i) class3 (10)

(11)

normal variable and

hi(i) = max(6i jii 7j;0)
ha(i) = ha(ii 8)
h3(i) = ha(ii 4)

4.1.2 Anal ysis

Figure 1. Examplesfrom classesl and 2

For simplicity reasonswe decidedto concerirate only on classesl and 2 preseried in the
Figure 1. For the purposeof this presenation we set parametersof our method as follows

Lk = 4
° = 1
M = 3

Figure 2 presers coarseapproximations (the rst two rows) and the test error ratio
(the third row) # of calculated discriminative waveletcoe+cients (evaluated on a separate
test set). Each column preser distinct decomposition level of our method. It is easily seen

4. Test error ratio obtained using all sampleswas equal 0:10.
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that coarse approximations are an averagedand a shortened versions of original signals.
We believe that in some casessuc averaging could be very useful especially when the
analysed signals contains much noise. From the last row of the Figure 2 we can deduce
that the classi cation ratio of some discriminative wavelet coetcients is comparable to
the classi cation ratio obtained by applying PSVM method to the original dataset. We
can point out explicitly the period of time in which two classesof signals di®er most.
This feature we called locality. Let us take a closerlook at the 6th discriminative wavelet
coexcient from the rst decomposition level To calculate this coetcient we need8 out of
32 samplesof analysedsignals(see rst row of the Figure 3).
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Figure 2. Coarseapproximations (two upper rows) and test error of discriminative wavelet
coexcients (third row) for examplesfrom classesl and 2.

In the Figure 3 one can seethat baseanalysis vectors with the lowest error ratio have
the supports shorter than their length. This meansthat to discernclassesl and 2 we do not
needall 32 samplesbut only a small fraction of them. Moreover when comparing Figures
1 and 3 it is clear that best analysis basevectors are nonzerowhere supports of functions
h; and hj intersect and this is the place where analysedsignalsindeed di®er.

The last Figure 4 shows supports of analysisand synthesis basevectors. It is easily seen
that support of a basevector widens with decomposition level.

4.1.3 Extra cting new features

The method we preseried can also be used as a supervised feature extractor. Instead of
feeding classi er with original training set X we use X "V de ned in (7). Table 1 contains
results of replacing original data with new features for classifying Waveform dataset and
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Figure 3: Best synthesis(left) and analysis(right) basevectorsfor ead decomposition level
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Figure 4: Supports of analysis and synthesis discriminativ e base
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Shape dataset (Saito, 1994) with C4.5 classi er (lan H. Witten, 1999). From this table we
canderivethat classi cation ratio increasedconsiderably We have alsonoticed a substartial
decreaseof decisiontree complexity. As our method is designedfor two-classproblems and
the used datasets are three-classproblems we used one-against-one scheme (jen Lin and
wei Hsu, 2001).

Dataset || Misclassi cation ratio
Original | New
Waveform 0:290 0:186
Shape 0:081 0:023

Table 1: E®ectof feature extraction for C4.5. Numbers are misclassi cation ratios.

4.1.4 Ensemble of local classifiers

The coezcients calculated by our method canalsobe useddirectly for classi cation. Table 2
contains the test error ratios for Waveform and Shape datasetsobtained by voting few best
coezxcients. As in the previousexperimen we usedone-against-oneschemefor decomposing
multi-class problemsinto three two-classproblems.

Dataset Misclassi cation  ratio
3 coexcients | 15 coexcients | PSVM
Waveform 0:155 0:147 0:193
Shape 0:034 0:032 0:094

Table 2: Misclassi cation ratios for voting scheme. We were combining 3 and 15 coezcients.
The last column shaws the misclassi cation ratio obtained using PSVM and all
samples.

4.1.5 Conclusions

The preseried method give both accurate and comprehensiblesolution to classi cation
problems. It can be very useful not only as a classi er inducer but also as sourceof infor-
mation about classi ed signals. In the next section we support our claims with preserting
the results obtained on the real dataset.

4.2 Classifying evoked poten tials

In this sectionwe preser the results obtained on the dataset collected in Nendi Institute

of Experimental Biology of Polish Academnmy of Science. The dataset consists of sampled
ewoked potentials of rat's brain recordedin two di®erert conditions. As a result the dataset
consistsof two groups of recordings (CONTR OL and COND) that represen two di®erert
states of the rat's brain. The aim of the experiment wasto explain the di®erencedbetween
the two groups. We refer the readerto Kublik et al. (2001) and Wypych et al. (2003) for
more details and previous approadiesto the data.

11
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It should be mentioned that the problem is not a typical classi cation task. This is due
to the following reasons

2 Eadch example (evoked potential) is labelled with an unknown noise. It meansthat
there are examplesthat are possibly incorrectly labelled.

2 The problem isill-conditioned dueto a small number of examples(45-100)and a huge
dimension (1500 samples).

2 The biologists that collectedthe data wereinterested not only in a good classi cation
ratio but alsoin explanation of di®erencesn the two groups.

Figure 5: Averagedewked potentials for v erats. Red colour denotesCOND and blue de-
notes CONTROL. Only rst most informativ e 45ms (450 samples)are preseried.

Figure 5 presens averagedpotentials from two classesfor group of v e rats. We shaw
only the rst 45msbecausedi®erencesdn this period of time can be easily interpreted by
biologists.

After applying our method to evoked potentials for eact rat we have chosenthoselocal
classi ers whose classi cation accuracy was greater or equal 0:75 and it was statistically
signi cant at the level 0:1 with respect to permutation tests (Wypych et al., 2003). The
result of this selectionis depicted in the Figure 6. It is clearthat the most interesting parts
of the signalsare 2:9-4msand 11:7-128ms. Figure 7 shavs how ead potential is classi ed
by selectedlocal classi ers. It should be read in the following manner

2 Vertical line divides potentials into two groups CONTROL (on the left) and COND
(on the right).

12
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2 Axis Y shaws how selectedclassi ers agreedon classifying potential.

2 The potentials were grouped (red and blue) depending on how they were classi ed.
Those marked with greencolour could not be classi ed.

2 We claim that those groups shaws two di®erert states of the rat's brain.

The preserted method gave very similar results to the previous approadces (Kublik
et al., 2001), (Wypych et al., 2003) and (Smolinski et al., 2002). Thanks to locality feature
of our method we were able not only to classify potentials but alsoto point out the most
informativ e part of the signals. For detailed physiological interpretation of the results we
refer the readerto Jakuczun et al. (2005).
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Figure 6: Histograms showing which parts of analysedsignals are commonly indicated for
all rats. The picture shaws rst four levels of decomposition of our method.

5. Conclusions

In this article we preseried a new method for classifying signals. The method is iterativ e
and adapts to local structures of analysedsignals. If carefully implemented it can be very
excient and when usedby an experiencedresearter can be a very powerful tool for signals
discriminativ e analysis. There are many possible extensionsto our method but the most
interesting seemto be the following

2 Modi cation of the method to handle two dimensional signals such us images.

2 Applying kernel trick in constructing local classi ers. That would lead to nonlinear
classi ers and possibly better accuracy

13



Wit Jakuczun

IfeT & . 1929 To® 1 6 © & &0l T T T .|
s @ : @ H e H H : -
°’C =] S ) ) 7
JEele L : é : ) . °9 & ) . [ o]
5[ 4
7 i i 6 | I i i i i i i i i i [ 6| 6] 60¢ o | + S 1 69690 i & |

o 2 a 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 40 42 44 46 48 5
6T Tod | Tolololod & & dod dolol Tol T T T & T T 1T T T T
;: e T . 22 5 &0 5 5 EE s
of— e ‘ .
N S <) m
SLie -2 HE- - - H =R SNE - [=) <) =X} ]
6 i i i i ] ] i i i i [ {ogo] i 209090 9o {09

o 2 4 © o 10 1z 14 16 15 20 22 24 26 25 30 52 34 36 36 40 42 44 46 45 50 52 54 56 50 60 62
12

2 T oL ® T TSI % Py gl
6l o o & il
31— ° oy
ol— © 5 ) il
3 5° ) ° o —
sE: ISR Ol RSN : olie FUHRCR AP S S f tl
1 T OTE b B0 0 0 0 0 0B U000 S ML e B30 0 lr - i P o

6 2 4 & o 10 1z 14 16 15 20 22 24 26 25 30 32 34 36 95 40 47 44 46 45 50 5z 54 56 55 60 6265
3T T T I T T I T T T T I T I T I T T T T T [ T T T T [ T T T T T T T T T T T 11
2[00 10O 00 O DO OO IO OO OO0 OO DO O OOOO) : poo Do T
1 B R H
o~

. o
2 0110000 o OO0 i1 00 000G o9
Py EE T [ I IR I I SRS T N R R e (RN NN S N S N | i
G 2 4 © © 1012 1416 16 20 22 24 26 26 30 32 54 36 36 40 42 44 46 45 50 52 54 56 55 60 62 64 66 66 70 72 74 76 78 80 67 54 56 86 90 07 o4 96 98100
3T T LT T LT T T L T T T L T T T [ T T T T T T T LT 1T T T T T T T T 11T
2t ;0 00 OOO - OOO 1 B O HOGOD 1O OB OO OO oo —
Py . o i .
ol— |
1l il
2= 00 o > ° © 10000 01100100 Lo e
I A R e S N N e R [ R R RN Rl B A NN RN S R N RN S R R N
Gz 4 © © 1012 1416 16 20 22 24 26 25 30 32 54 36 36 40 42 44 46 45 50 52 54 56 55 60 62 64 66 66 70 72 74 76 78 80 67 54 56 86 90 7 o4 96 98100

Figure 7: Charts preseriing how particular potential was classi ed by selectedlocal classi-
“ers. Vertical line divides potentials into two groups (CONTR OL is on the left,
COND is on the right).

2 Constructing classi ers using Multi Kernel Learning approaches(Bach et al., 2004).

App endix A. Ezcien tly solving optimisation problem for non-regularised
and regularised version

Here we explain how to exciently solve optimisation problem de ned by (4), (5), (6). Let
us write Lagrangian for the optimisation problem

(o]
LwK; o ukovk)y = (kwkk2+ °2) + ?k»kkz
wopowrf 1 l
W97 Y Ak ok i °ke + e
\ /
i (V)T BfwKj e

where uX 2 R! is the Lagrange multiplier assaiate with the equality constraint (5) and
vk 2 RP« is the Lagrange multiplier assaiated with the equality constraint (6).

14
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Settings the gradients of L to zerowe get the following optimalit y conditions

_k
wk = (K)TyuX; (BK)TvK (12)
°c = jelyuk (13)
= %uk (14)
u ‘ f
Y AKX+ A wkjoe +» = e (15)
Bka = e (16)
T
whereAk = AKEK
Substituting (12) into (16) we get

vk= Bk Bk BK K YuXj e (17)

Substituting (12), (13), (14) and (17) into (15) we get

|
Y A K vyui & B¥ B* B B A YuKje +_uk=e YAX
(18)
Simplifying (18) we get
OETEN | i 1)
kM k" kg h . i Mo
Yy & K K gk grigkf i g & Yuk+ Lyuk =
. 19)
h I (
_k 1
- ei YAk B 1Bk’ prigk®T
Let matrix HX be de'ned as
) TS S
Hk=Y Kji A B C (20)
and matrix H be dened as
) Lok ko T T
Hk=Y KA B C (21)
where ST
Bk Bk - ck ck
Rewriting equation (19) we obtain that
H f G e |
1 _k T T
—l+Hi(H)T uk=ej YA¥; & B* B BX e (22)
k
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. h . i
k'Bk¢T Bk'Bk¢T'1 k

Setting vector bX = ej YAX| A
by the following set of equations

My l
51+ Hi(H )T uk = bk (23)

e we get that vector u” is given

Solving above set of equations is very expensive as the number of equations is equal to
number of training examplesl which can be large. Using the Sherman-Morrison-Woodbury
formula (Gene H. Golub, 1996)we can calculate uk as follows

A !
I-J-l 1Til
uk=19° 1 Hy qu(Hl)THz (Hp)" bk (24)

It should be stressedthat using equation (24) for computing uy is much lessexpensive than
using equation (23) becausethe dimensionsof matrix

1 T
q' +(H1) H»2

areequalto L + px £ Lx + px which is independert of the number of training of examples.
Similarly to nonregularisedvariant preseried above we can usethe sametechniquesto
solve optimisation problem (2) and (3). For more details see(Fung and Mangasarian,2001).
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