
Chapter 6

The Ho dgkin and Huxley Mo del of

Action P oten tial Generation

The v ast ma jorit y of nerv e cells generate a series of brief v oltage pulses in resp onse to

vigorous input. These pulses, also referred to as action p otentials or spikes , originate at or

close to the cell b o dy , and propagate do wn the axon at constan t v elo cit y and amplitude.

The comp osite �gure 6.1 sho ws the shap e of the action p oten tial from a n um b er of di�eren t

neuronal and non-neuronal preparations. Action p oten tials come in a v ariet y of shap es;

common to all is the all-or-none dep olarization of the mem brane b ey ond 0 mV. That is, if

the v oltage fails to exceed a particular threshold v alue, no spik e is initiated and the p oten tial

returns to its baseline lev el. If the v oltage threshold is exceeded, the mem brane executes

a stereot yp ed v oltage tra jectory that re
ects mem brane prop erties and not the input. As

eviden t in Fig. 6.1, the shap e of the action p oten tial can v ary enormously from cell t yp e to

cell t yp e.

When inserting an electro de in to a brain, the small all-or-none electrical ev en ts one

observ es extracellularly are usually due to spik es that are initiated close to the cell b o dy

and that propagate along the axons. These spik es ha v e but a single p eak b et w een +10 and

+30 mV and are o v er (dep ending on the temp erature) within one or t w o milliseconds. Other

all-or-none ev en ts, suc h as the complex spik es in cereb ellar Purkinje cells (Fig. 6.1G) or burst-

ing p yramidal cells in cortex (Fig. 6.1H and Fig. 16.1) sho w a more complex w a v e form with

one or more fast spik es sup erimp osed on to an underlying, m uc h slo w er dep olarization. Fi-

nally , under certain conditions, the dendritic mem brane can also generate all-or-none ev en ts

(Fig. 6.1H) that are m uc h slo w er than somatic spik es, usually on the order to 50-100 msec

or longer. W e will treat these ev en ts and their p ossible signi�cance in c hapter 19.

Only a small fraction of all neurons are unable|under ph ysiological conditions|to gen-

erate action p oten tials, making exclusiv e use of graded signals. Examples of suc h non-spiking

c el ls , usually spatially compact, can b e found in the distal retina (e.g. bip olar, horizon tal

and certain t yp es of amacrine cells) and man y neurons in the sensory-motor path w a y of

in v ertebrates (Rob erts and Bush, 1981). They app ear to b e absen t from cortex, thalam us,

cereb ellum and asso ciated structures (although it is di�cult, on a priori grounds, to com-
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pletely rule out their existence).

Action p oten tials are suc h a dominan t feature of the nerv ous system that for a consider-

able amoun t of time it w as widely held|and still is in parts of the theoretical comm unit y|

that all neuronal computations only in v olv e these all-or-none ev en ts. This b elief pro vided

m uc h of the imp etus b ehind the neural net w ork mo dels originating in the late 1930s and

early 1940s (Rashevsky , 1938; McCullough and Pitts, 1943).

The ionic mec hanisms underlying the initiation and propagation of action p oten tials in

nerv ous tissue w ere �rst elucidated in the squid gian t axon b y a n um b er of w ork ers, most no-

tably b y Alan Ho dgkin and Andrew Huxley in Cam bridge, England (1952a,b,c,d). T ogether

with John Eccles, they shared the 1963 Nob el price in ph ysiology and medicine (for a his-

torical accoun t see Ho dgkin, 1976). Their quan titativ e mo del (Ho dgkin and Huxley , 1952d)

represen ts one of the high p oin ts of cellular bioph ysics and has b een extremely in
uen tial

in terms of enabling a large class of quite div erse mem brane phenomena to b e analyzed and

mo deled in terms of simple underlying v ariables. This is all the more surprising since the

kinetic description of mem brane p ermeabilit y c hanges within the framew ork of the Ho dgkin-

Huxely mo del w as ac hiev ed without an y kno wledge of the underlying ionic c hannels.

A large n um b er of excellen t pap ers and b o ok describing in great detail v arious asp ects of

the Ho dgkin and Huxley mo del are a v ailable to da y . Nothing matc hes the monograph b y Jac k,

Noble and Tsien (1975) for their detailed, 200 page extended co v erage of v arious analytical

and n umerical approac hes to understand all relev an t asp ects of initiation and conduction of

action p oten tials. Cronin (1987) presen ts a mathematical accoun t of the more formal asp ects

of Ho dgkin and Huxley's and related mo del, while Scott (1975) pa ys particular atten tion to

questions of in terest to ph ysicists and applied mathematicians. The b o oks b y Hille (1992),

Johnston and W u (1994) and W eiss (1996) pro vide up-to-date and v ery readable accoun ts

of the bioph ysical mec hanisms underlying action p oten tial in neuronal tissues. The edited

v olume b y W axman, Ko csis and St ys (1995) pro vides more details regarding the morphology

and the pathoph ysiology of m y elinated and unm y elinated axons.

Because the bioph ysical mec hanisms underlying action p oten tial generation in the cell

b o dy and axons of b oth in v ertebrates and v ertebrates can b e understo o d and mo deled b y

the formalism Ho dgkin and Huxley in tro duced 40 y ears ago, it b ecomes imp erativ e to under-

stand their mo del and its underlying assumptions. W e will striv e in this c hapter to giv e an

accoun t of those prop erties of the Ho dgkin and Huxley mo del that are of greatest relev ance

to understanding the initiation of the action p oten tial. W e will also discuss the propagation

of spik es along unm y elinated and m y elinated �b ers. Chapter 9 extends the Ho dgkin and

Huxley framew ork to the plethora of other curren ts describ ed since their da ys.

6.1 The Basic Assumptions

Ho dgkin and Huxley carried out their analysis in the gian t axon of the squid. With its half

millimeter diameter, this �b er is a leviathan among axons (the t ypical axon in cortex has a

diameter more than one thousand times smaller; Braiten b erg and Sc h • uz, 1991). In order to

eliminate the complexit y in tro duced b y the distributed nature of the cable, a highly conduc-
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Figure 6.1: A ction Potentials of the W orld

Action p oten tials in di�eren t in v ertebrate and v ertebrate preparations. Common to all is a thresh-

old, b elo w whic h no impulse is initiated, and a stereot ypical shap e that dep ends only on in trinsic

mem brane prop erties and not on the t yp e or the duration of the input. (A) Gian t squid axon at

16

�

C. F rom Bak er, Ho dgkin and Sha w (1962). (B) Axonal spik e from the no de of Ran vier in a

m y elinated frog �b er at 22

�

C. F rom Do dge (1963). (C) Cat visual cortex at 37

�

C. J. Allison, p er-

sonal comm unication. (D) Sheep heart Purkinje �b er at 10

�

C. F rom W eidmann (1956). (E) P atc h

clamp recording from a rabbit retinal ganglion cell at 37

�

C. F. Am thor, p ersonal comm unication.

(F) La y er 5 p yramidal cell in the rat at ro om temp eratures. Sim ultaneous recordings from the

soma and the apical trunk. F rom Stuart and Sakmann (1994). (G) A complex spik e|consisting

of a large EPSP sup erimp osed on to a slo w dendritic calcium spik e and sev eral fast somatic so dium

spik es|from a Purkinje cell b o dy in the rat cereb ellum at 36

�

C. D. Jaeger, p ersonal comm unica-

tion. (H) La y er 5 p yramidal cell in the rat at ro om temp erature. Three dendritic v oltage traces

in resp onse to three curren t steps of di�eren t amplitude rev eal the all-or-none c haracter of this

slo w ev en t. Notice the fast, sup erimp osed spik es. F rom Kim and Connors (1993). (I) Cell b o dy of

a pro jection neuron in the an tennal lob e in the lo cust at 23

�

C. G. Lauren t, p ersonal comm unication.

tiv e axial wire w as inserted inside the wire. This so called sp ac e clamp the p oten tial along

the en tire axon spatially uniform, similar to the situation o ccurring in a patc h of mem brane.
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This, together with v oltage clamping the mem brane and the usage of pharmacological agen ts

to blo c k v arious curren ts, enabled Ho dgkin and Huxley to dissect the mem brane curren t in to

its constitutiv e comp onen ts. The total mem brane curren t is the sum of the ionic curren ts

and the capacitiv e curren t:

I

m

( t ) = I

ionic

( t ) + C

m

dV ( t )

dt

: (6.1)

With the help of these to ols, Ho dgkin and Huxley (1952a,b,c) carried out a large n um b er

of exp erimen ts, whic h lead them to p ostulate the follo wing phenomenolo gic al mo del of the

ev en ts underlying the generation of the action p oten tial in the squid gian t axon (Fig. 6.2;

Ho dgkin and Huxley , 1952d)

1

.

(i) The action p oten tial in v olv es t w o ma jor, v oltage-dep enden t ionic conductances, a

so dium conductance, G

N a

, and a p otassium conductance, G

K

. They are indep en-

den t from eac h other. A third, smaller so-called \leak" conductance (whic h w e term

G

m

), is indep enden t of the mem brane p oten tial. The total ionic curren t 
o wing is the

sum of a so dium, a p otassium and the leak curren t:

I

ionic

= I

N a

+ I

K

+ I

l eak

: (6.2)

(ii) The individual ionic curren ts I

i

( t ) are linearly related to the driving p oten tial via

Ohm's la w:

I

i

( t ) = G

i

( V ( t ) ; t )( V ( t ) � E

i

) ; (6.3)

where the ionic rev ersal p oten tial E

i

is giv en b y Nernst's equation for the appropriate

ionic sp ecies. Dep ending on the balance b et w een the concen tration di�erence of the

ions and the electrical �eld across the mem brane separating the in tra- from the extra-

cellular cytoplasm, eac h ionic sp ecies has suc h as asso ciated ionic b attery (see eq. 4.3).

Conceptually , w e can use the equiv alen t circuit sho wn in Fig. 6.2 to describ e the axonal

mem brane.

(iii) Eac h of the t w o ionic conductances is expressed as a maxim um conductance, G

N a

and

G

K

, m ultiplied b y a n umerical co e�cien t represen ting the fraction of the maxim um

conductance actually op en. These n um b ers are functions of one or more �ctiv e gating

p articles Ho dgkin and Huxley in tro duced to describ e the dynamics of the conductances.

In their original mo del, they talk ed ab out activating and inactivating gating particles.

Eac h gating particle can b e in one of t w o p ossible states, op en or close, dep ending on

time and on the mem brane p oten tial. In order for the conductance to op en, all of these

gating particles m ust b e op en sim ultaneously . The en tire kinetic prop erties of their

mo del is con tained in these v ariables. W e will consider the ph ysical and molecular

in terpretation of these gating particles in terms of n umerous, all-or-none, microscopic

ionic channels in the follo wing c hapter.

1

F ollo wing our con v en tion, w e should express I

m

as i

m

, since these are curren ts p er unit area. W e here

follo w the established preceden t and use capitalized sym b ols.
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Figure 6.2: Electrical Cir cuit f or a P a tch of Squid Ax on

Ho dgkin and Huxley mo deled the mem brane of the squid axon using four parallel branc hes:

t w o passiv e ones (the mem brane capacitance C

m

and the leak conductance G

m

= 1 =R

m

) and

t w o time- and v oltage-dep enden t ones represen ting the so dium and the p otassium c hannels.

6.2 Activ ation and Inactiv ation States

Let us sp ecify ho w these activ ation and inactiv ation states determine the t w o ionic curren ts.

This is imp ortan t, since the v ast ma jorit y of state-of-the-art ionic mo dels are form ulated in

terms of suc h particles.

6.2.1 The P otassium Curren t I

K

Ho dgkin and Huxley (1952d) mo del the p otassium curren t as

I

K

= G

K

n

4

( V � E

K

) ; (6.4)

where the maximal conductance G

K

= 36 mS/cm

2

and the p otassium battery is E

K

=-12 mV

relativ e to the resting p oten tial of the axon. n describ es the state of a �ctional activation

p article , is a dimensionless n um b er b et w een 0 and 1. Note that with to da y's ph ysiological

con v en tions, I

K

as in w ard curren t is alw a ys p ositiv e (for V � E

K

; see Fig. 6.5).

Chapter 8 treats the underlying microscopic and sto c hastic nature asso ciated with the

macroscopic and deterministic curren t. Let us for no w dev elop our in tuition b y assuming

that the probabilit y of �nding one activ ation particle in its p ermissive or op en state is n

(and it will b e with probabilit y 1 � n in its non-p ermissive or close state where no curren t


o ws through the conductance). Eq. 6.4 states that in order for the c hannel to b e op en, the

four gating particles m ust sim ultaneously b e in their op en states. W e can also think of n as

the prop ortion of particles in their p ermissive state; p otassium curren t can only 
o w if four

particles are in their p ermissiv e state.
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If w e assume that only these t w o states exist (for a single particle) and that the transition

from one to the other is go v erned b y �rst-order kinetics, w e can write do wn the follo wing

reaction sc heme:

n

�

n

� *

) �

�

n

1 � n : (6.5)

�

n

(resp. �

n

) is a v oltage-dep enden t rate constan t (in units of 1/sec), sp ecifying ho w man y

transitions o ccur b et w een the closed and the op en state (resp. from the op en to the closed

state). Mathematically , this sc heme corresp onds to a �rst-order di�eren tial equation:

dn

dt

= �

n

( V )(1 � n ) � �

n

( V ) n : (6.6)

The k ey to Ho dgkin and Huxley's mo del|as w ell as the most demanding part of their

in v estigation|w as the quan titativ e description of the v oltage-dep endency of the rate con-

stan ts. Instead of using rate constan ts �

n

and �

n

, w e can re-express eq. 6.6 in terms of a

v oltage-dep enden t time constan t �

n

( V ) and steady-state v alue n

1

( V ) with

dn

dt

=

n

1

� n

�

n

; (6.7)

with

�

n

=

1

�

n

+ �

n

; (6.8)

and

n

1

=

�

n

�

n

+ �

n

: (6.9)

Both descriptions, in terms of either rate constan ts �

n

and �

n

or in terms of a time constan t

�

n

and steady-state v ariable n

1

, are equiv alen t. While Ho dgkin and Huxely used the former

w e will use the latter, due to its simpler ph ysical in terpretation.

One of the most striking prop erties of the squid mem brane is the steepness of the relation

b et w een conductance and mem brane p oten tial. Belo w ab out 20 mV, the steady-state p otas-

sium mem brane conductance G

K

increases e-fold b y v arying V b y 4.8 mV, while the v oltage

sensitivit y of the so dium conductance is ev en higher (an e-fold c hange for ev ery 3.9 mV). F or

higher lev els of dep olarization, saturation in the mem brane conductance sets in (Ho dgkin

and Huxley , 1952a). This steep relationship m ust b e re
ected in the v oltage dep endency of

the rate constan ts. Ho dgkin and Huxley (1952d) appro ximated the v oltage-dep endencies of

the rate constan ts b y

�

n

( V ) =

10 � V

100( e

(10 � V ) = 10

� 1)

; (6.10)

and

�

n

( V ) = 0 : 125 e

� V = 80

; (6.11)

where V is the mem brane p oten tial relativ e to the axon's resting p oten tial in units of milli-

v olt. Fig. 6.3 sho ws the v oltage-dep endency of the asso ciated time constan t and steady-state

v alue of the p otassium activ ation v ariable. While �

n

has a b ell-shap ed dep endency , n

1

is
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a monotonic increasing function of the mem brane p oten tial. The curv e relating the steady-

state p otassium conductance to the mem brane p oten tial is an ev en steep er function, giv en the

fourth p o w er relationship b et w een G

K

and n . This is a hallmark of almost all ionic conduc-

tances: dep olarizing the mem brane p oten tial increase their e�ectiv e conductance

2

. One of

the few exceptions is the appropriately named anomalous r e cti�er curren t, I

AR

(frequen tly

also termed inwar d r e cti�er ) that turns on with increasing mem brane h yp erp olarization

(Spain et al. , 1987).

The fraction of the steady-state p otassium conductance op en at an y particular v oltage

V , i.e. for t ! 1 , is iden tical to n

1

( V )

4

. A t V

r est

this n um b er is v ery small, n

1

(0)

4

=0.01,

that is only ab out 1% of the total p otassium conductance is activ ated! Using the v oltage-

clamp setup, w e no w mo v e as rapidly as p ossible the mem brane p oten tial to V and clamp it

there. The ev olution of the p otassium conductance is dictated b y the di�eren tial eq. 6.7:

n ( t )

4

=

�

n

1

� ( n

1

� n

0

) e

� t=�

n

( V )

�

4

; (6.12)

where n

0

is the initial v alue of the p otassium activ ation, n

0

= n

1

(0)=0.32 and n

1

its �nal

v alue, n

1

= n

1

( V ). The time course of an y one activ ation v ariable follo ws an exp onen tial,

a re
ection of the underlying assumption of a �rst-order kinetic sc heme. The time course

of the fourth p o w er of n ( t ) is plotted on the righ t hand of Fig. 6.4 follo wing a sudden shift

in the mem brane p oten tial, from rest to the v arious v oltage v alues indicated. Sup erimp osed

are the exp erimen tally measured v alues of the p otassium conductance. It is remark able ho w

w ell the p oin ts fall on to the curv e. Up on stepping bac k to the original mem brane p oten tial,

n slo wly relaxes bac k to its original lo w v alue.

6.2.2 The So dium Curren t I

N a

As can b e seen on the left hand side of Fig. 6.4, the dynamics of the so dium conductance

that w e will explore no w are substan tially more complex.

In order to �t the kinetic b eha vior of the so dium curren t, Ho dgkin and Huxley had to

p ostulate the existence of a so dium activ ation particle m as w ell as an inactivation p article

h :

I

N a

= G

N a

m

3

h ( V � E

N a

) ; (6.13)

where the maximal so dium conductance G

N a

= 120 mS/cm

2

and the so dium rev ersal p o-

ten tial E

N a

=115 mV relativ e to the axon's resting p oten tial. m and h are dimensionless

n um b ers, with 0 � m; h � 1. By our con v en tion the so dium curren t is negativ e, i.e. in w ard,

throughout the ph ysiological v oltage range (for V < E

N a

; see Fig. 6.5).

The amplitude of the so dium curren t is con tingen t on four h yp othetical gating particles

making indep enden t, �rst-order transitions b et w een an op en and a closed state. Since these

particles are indep enden t, the probabilit y for the three m and the one h particle to exist in

this state is m

3

h . Notice that h is the probabilit y that the inactiv ating particle is not in

2

Whether or not the asso ciated ionic curren t also increases dep ends on the relev an t ionic rev ersal p oten tial

(eq. 6.3).
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Figure 6.3: V ol t a ge Dependency of the Ga ting P ar ticles

Time constan ts (A) and steady-state activ ation and inactiv ation (B) as a function of the relativ e

mem brane p oten tial V for so dium activ ation m (solid line) and inactiv ation h (dashed line) and

p otassium activ ation n (dotted line). The steady-state so dium inactiv ation h

1

is a monotonic

decreasing function of V , while the activ ation v ariables n

1

and m

1

increase with the mem brane

v oltage. The activ ation of the so dium and p otassium conductances are m uc h steep er functions of

the v oltage, due to the p o w er-la w relationship b et w een the activ ation v ariables and the conduc-

tances. Around rest, G

N a

increases e -fold for ev ery 3.9 mV and G

K

for ev ery 4.8 mV. Activ ating

the so dium conductance o ccurs appro ximately ten times faster than inactiv ating so dium or acti-

v ating the p otassium conductance. The time constan ts are slo w est around the resting p oten tial.

its inactiv ating state. F ormally , the temp oral c hange of these particles is describ ed b y t w o
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Figure 6.4: K

+

and N a

+

Conduct ances During a V ol t a ge Step

The exp erimen tally recorded (circles) and the theoretically calculated (smo oth curv es)

c hanges in G

N a

and G

K

in the squid gian t axon at 6.3

�

C during dep olarizing v olt-

age steps a w a y the resting p oten tial (whic h is here, as throughout this c hapter, set

to zero). F or large v oltage c hanges, G

N a

brie
y increases b efore it deca ys bac k

to zero (due to inactivation ), while G

K

remains activ ated. F rom Ho dgkin (1958).

�rst-order di�eren tial equations:

dm

dt

= �

m

( V )(1 � m ) � �

m

( V ) m : (6.14)

and

dh

dt

= �

h

( V )(1 � h ) � �

h

( V ) h : (6.15)

Empirically , Ho dgkin and Huxley deriv ed the follo wing equations for the rate constan ts

�

m

( V ) =

25 � V

10( e

(25 � V ) = 10

� 1)

(6.16)

�

m

( V ) = 4 e

� V = 18

(6.17)

�

h

( V ) = 0 : 07 e

� V = 20

(6.18)

�

h

( V ) =

1

e

(30 � V ) = 10

+ 1

: (6.19)
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The asso ciated time constan ts and steady-state v ariables are plotted in Fig. 6.3 as a function

of v oltage. Similar to b efore, b oth �

m

3

and �

h

are b ell-shap ed curv es. While m

1

is a

monotonic increasing function of V as exp ected of an activ ation v ariable, h

1

decreases with

increasing mem brane dep olarization, the de�ning feature of an inactiv ating particle. It is

also imp ortan t to note the ten-fold di�erence in the kinetics of activ ation and inactiv ation at

all p oten tials. Without inactiv ation, the so dium conductance w ould increase in resp onse to a

dep olarizing v oltage step within a millisecond to its new v alue and remain there, and w ould

equally rapidly deca y bac k to its old v alue once the v oltage clamp command is remo v ed. W e

defer the probabilistic in terpretation of the rate constan ts to c hapter 8.

The fraction of the steady-state so dium conductance op en at rest is less than 1% of the

p eak so dium conductance. Insp ection of Fig. 6.3 immediately rev eals the reason: for v oltages

b elo w or close to the resting p oten tial of the axon, the activ ation v ariable m is close to zero

while at p ositiv e p oten tials the inactiv ation v ariable h is almost zero. Th us, the steady-state

so dium curren t G

N a

m

3

1

h

1

( V � E

N a

), also kno wn as the window curr ent , is alw a ys v ery

small. The secret to obtaining the large so dium curren t needed to rapidly dep olarize the

mem brane lies in the temp oral dynamics of m and h . A t v alues of the mem brane close to the

resting p oten tial, h tak es on a v alue close to one. When a sudden dep olarizing v oltage step is

imp osed on to the mem brane as in Fig. 6.4, m c hanges within a fraction of a millisecond to its

new v alue close to one, while h requires �v e or more milliseconds to relax from its previous,

high v alue to its new and m uc h smaller v alue. In other w ords, t w o pro cesses con trol the

so dium conductance: activ ation is the rapid pro cess that increases G

N a

up on dep olarization

and outpaces inactiv ation, the m uc h slo w er pro cess that reduces G

N a

up on dep olarization.

6.2.3 The Complete Mo del

Similar to most other biological mem branes, the axonal mem brane con tains a v oltage-

indep enden t \leak" conductance, G

m

, whic h do es not dep end on the applied v oltage and

remains constan t o v er time. The v alue measured b y Ho dgkin and Huxley , G

m

= 0.3 mS/cm

2

,

corresp onds to a passiv e mem brane resistivit y of R

m

= 3333 
 cm

2

. The passiv e comp onen t

also has a rev ersal p oten tial asso ciated with it. Ho dgkin and Huxley did not explicitly mea-

sure V

r est

, but adjusted it so that the total mem brane curren t at the resting p oten tial V =0 is

zero. In other w ords, V

r est

w as de�ned via the equation G

N a

(0) E

N a

+ G

K

(0) E

K

+ G

m

V

r est

=0,

and comes out to b e +10.613 mV. The mem brane capacit y C

m

= 1 �F cm

� 2

. A t the rest-

ing p oten tial, the e�ectiv e mem brane resistance due to the presence of the sum of the leak,

the p otassium and the (tin y) so dium conductances amoun ts to 857 
 cm

2

, equiv alen t to an

e�ectiv e \passiv e" mem brane time constan t of ab out 0.85 msec.

W e can no w write do wn a single equation for all the curren ts 
o wing across a patc h of

axonal mem brane

C

m

dV

dt

= G

N a

m

3

h ( E

N a

� V ) + G

K

n

4

( E

K

� V ) + G

m

( V

r est

� V ) + I

inj

( t ) ; (6.20)

3

Note that the v oltage-dep enden t mem brane time constan t for the activ ation v ariable, �

m

, has the same

sym b ol as the passiv e mem brane time constan t. When in doubt, w e will refer to the latter simply as � .
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where I

inj

is the curren t that is injected via an in tracellular electro de. This nonlinear dif-

feren tial equation, in addition to the three, ordinary , linear, �rst-order di�eren tial equations

sp ecifying the ev olution of the rate constan ts (as w ell as their v oltage-dep endencies), con-

stitutes the four-dimensional Ho dgkin and Huxley mo del for the space-clamp ed axon or for

a small patc h of mem brane. Throughout the b o ok, w e shall refer to eq. 6.20, in com bina-

tion with the rate constan ts (eqs. 6.7, 14 and 15) at 6.3

�

C as the standar d Ho dgkin-Huxley

membr ane p atch mo del . In our sim ulations of these equations, w e solv e eq. 6.20 for an equip o-

ten tial 30 � 30 � � �m

2

patc h of squid axonal mem brane and therefore express I

m

in units of

nA (and not as curren t densit y).

W e will explain in the follo wing sections ho w this mo del repro duces the stereot yp ed

sequence of mem brane ev en ts that giv e rise to the initiation and propagation of all-or-none

action p oten tials.

6.3 Action P oten tial Generation

One of the most remark able asp ect of the axonal mem brane is its prop ensit y to resp ond in

either of t w o w a ys to brief pulses of dep olarizing in w ard curren t. If the amplitude of the

pulse is b elo w a giv en threshold, the mem brane will dep olarize sligh tly but will return to the

mem brane's resting p oten tial, while larger curren ts will induce a pulse-lik e action p oten tial,

whose o v erall shap e is relativ ely indep enden t of the stim ulus required to trigger it.

Consider the e�ect of deliv ering a short (0.5 msec) in w ard curren t pulse I

inj

( t ) of 0.35 nA

amplitude to the mem brane (Fig. 6.5). The injected curren t c harges up the mem brane

capacitance, dep olarizing the mem brane in the pro cess. The smaller this capacitance, the

faster the p oten tial will rise. The dep olarization has the e�ect of sligh tly increasing m

and n , i.e. increasing b oth so dium and p otassium activ ation, but decreasing h , that is

decreasing p otassium inactiv ation. Because the time constan t of so dium activ ation is more

than one order of magnitude faster than �

n

and �

h

at these v oltages, w e can consider the

later t w o for the momen t to b e stationary . But the so dium conductance, G

N a

, will increase

somewhat. Because the mem brane is dep olarized from rest, the driving p oten tial for the

p otassium curren t, V � E

K

, has also increased. The concomitan t increase in I

K

out w eighs

the increase in I

N a

due to the increase in G

N a

and the o v erall curren t is out w ard, driving

the axon's p oten tial bac k to w ard the resting p oten tial. The mem brane p oten tial will sligh tly

undersho ot and then o v ersho ot un til it �nally returns to V

r est

. The oscillatory resp onse

around the resting p oten tial can b e attributed to the small-signal b eha vior of the p otassium

conductance acting phenomenologically similar to an inductance (see c hapter 10 for a further

discussion of this).

If the amplitude of the curren t pulse is sligh tly increased to 0.4 nA, the dep olarization

due to the v oltage-indep enden t mem brane comp onen ts will reac h a p oin t where the amoun t

of I

N a

generated exceeds the amoun t of I

K

. A t this p oin t, the mem brane v oltage undergo es

a run-a w a y reaction: the additional I

N a

dep olarizes the mem brane, further increasing m

that increases I

N a

and further mem brane dep olarization. Giv en the almost instan taneous

dynamics of so dium activ ation ( �

m

is � 0.1-0.2 msec at these p oten tials), the inrushing
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Figure 6.5: Hodgkin-Huxley A ction Potential

Computed action p oten tial in resp onse to a 0.5 msec curren t pulse of 0.4 nA amplitude (solid lines)

in comparison to a subtreshold resp onse follo wing a 0.35 nA curren t pulse (dashed lines). (A)

Time-course of the t w o ionic curren ts. Note their large size compared to the stim ulating curren t.

(B) The mem brane p oten tial in resp onse to threshold and subthreshold stim uli. The injected cur-

ren t c harges up the mem brane capacit y (with an e�ectiv e mem brane time constan t � =0.85 msec),

enab eling su�cien t I

N a

to b e recruited to out w eigh the increase in I

K

(due to the increase in driving

p oten tial). The smaller curren t pulse fails to trigger an action p oten tial, but causes a dep olariza-

tion follo w ed b y a small h yp erp olarization due to activ ation of I

K

. The lo w er panel (C) sho ws the

dynamics of all three gating particles. So dium activ ation m c hanges m uc h more rapidly than either

h or n . The long time course of p otassium activ ation n explains wh y the mem brane p oten tial tak es

12 msec after the p oten tial has �rst dipp ed b elo w the resting p oten tial to return to baseline lev el.
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so dium curren t mo v es the mem brane p oten tial within a fraction of a millisecond to 0 mV

and b ey ond. In the absence of so dium inactiv ation and p otassium activ ation, this p ositiv e

feedbac k pro cess w ould con tin ue un til the mem brane w ould come to rest at E

N a

. As w e

sa w already in Fig. 6.4, after a dela y b oth the slo w er so dium inactiv ation v ariable h as

w ell as the p otassium activ ation n will turn on (explaining wh y I

K

is also called the delaye d

r e cti�er curren t or I

D R

). So dium inactiv ation acts to directly decrease the amoun t of so dium

conductance a v ailable, while the activ ation of the p otassium conductance tends to try to

bring the axon's mem brane p oten tial to w ard E

K

b y increasing I

K

. Th us, b oth pro cesses

cause the mem brane p oten tial to dip do wn from its p eak. Because the total so dium curren t

quic kly falls to zero after 1 msec, but I

K

p ersists longer at small amplitudes (not readily

visible in Fig. 6.5) the mem brane p oten tial is depressed to b elo w its resting lev el, that is the

axon hyp erp olarizes . A t these lo w p oten tials, ev en tually p otassium activ ation switc hes o�,

returning the system to its initial con�guration as V approac hes the resting p oten tial.

6.3.1 The V oltage Threshold for Spik e Initiation

What are the exact conditions under whic h a spik e is initiated? Do es the v oltage ha v e to

exceed a particular threshold v alue V

th

, or do es a minimal amoun t of curren t I

th

ha v e to

b e injected, or do es a certain amoun t of electrical c harge Q

th

ha v e to b e deliv ered to the

mem brane in order to initiate spiking? These p ossibilities and more ha v e b een discussed in

the literature and exp erimen tal evidence exists to supp ort all of these views under di�eren t

circumstances (Ho dgkin and Rush ton, 1946; Co oley , Do dge and Cohen, 1965; Noble and

Stein, 1966; Cole, 1972; Rinzel, 1978a; for a thorough discussion see Jac k et al. , 1975).

Because the squid axon is not a go o d mo del for spik e enco ding in cen tral neurons, w e will

defer a more detailed discussion of this issue to sections 17.3 and 19.1. W e here limit ourselv es

to considering spik e initiation in an idealized nonlinear mem brane, without dealing with the

complications of cable structures (suc h as the axon).

T o answ er this question, w e need to consider the curren t-v oltage relationship of the squid

axonal mem brane. Because w e are in terested in rapid synaptic inputs, w e assume that

the rise-time of the synaptic curren t is faster than the e�ectiv e passiv e time constan t, � =

0.85 msec and mak e use of the observ ation that the dynamics of so dium activ ation m is

v ery rapid (the asso ciated time constan t is alw a ys less than 0.5 msec) and at least a factor

of ten faster than so dium inactiv ation h and p otassium activ ation n (see Fig. 6.3). With

these observ ations in mind, w e ask what happ ens if the input v ery rapidly dep olarizes the

mem brane to a new v alue V ? Let us estimate the curren t that will 
o w with the help of the

instantane ous curren t-v oltage relationship I

0

( V ) (Fig. 6.6).

I

0

is giv en b y the sum of the ionic and the leak curren ts. W e appro ximate the asso ciated

so dium and p otassium conductances b y assuming that h and n ha v e not had time to c hange

from the v alue they had at the resting p oten tial V =0, while m adjust instan taneously to

its new v alue at V . In other w ords,

I

0

( V ) = G

N a

m ( V )

3

h (0)( V � E

N a

) + G

K

n (0)

4

( V � E

K

) + G

m

( V � V

r est

) : (6.21)
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Fig. 6.6 sho ws the in v erted U-form shap e of I

0

in the neigh b orho o d of the resting p oten tial,

as w ell as its three ionic comp onen ts, I

N a

; I

K

and I

l eak

.

In the absence of an y input, the system rests at V =0. If a small, dep olarizing v oltage

step is applied, the system is displaced to the righ t, generating a small, p ositiv e curren t. This

curren t is out w ard since the increase in m (increasing the amplitude of I

N a

) is out w eighed

b y the increase in the driving p oten tial V � E

K

(increasing I

K

). This forces the mem brane

p oten tial bac k do wn to w ards the resting p oten tial: the v oltage tra jectory corresp onds to

a subthreshold input. Similarly , if an h yp erp olarizing curren t step is injected, mo ving the

system to b elo w V =0, a negativ e, in w ard curren t is generated, pulling the mem brane bac k

up to w ards V

r est

. The slop e of the I-V curv e around the resting p oten tial, @ I =@ V , termed the

membr ane slop e c onductanc e (for a substan tial discussion of this concept, see section 17.1.2)

is p ositiv e. That is, the p oin t V =0 is a stable attr actor (for these and related notions, w e

defer the reader to the follo wing c hapter).

I

0

( V ) has a second zero-crossing at V = V

th

� 2.5 mV. If an input mo v es the mem brane

p oten tial to exactly V

th

, no curren t 
o ws and the system remains at V

th

(Fig. 6.6). Because

the slop e conductance is negativ e, the p oin t is unstable and an arbitrarily small p erturbation

will carry the system a w a y from the zero-crossing. A negativ e p erturbation will carry the

system bac k to V

r est

. Con v ersely , a p ositiv e v oltage displacemen t, no matter ho w min ute,

causes a small, in w ard curren t to 
o w that further dep olarizes the mem brane (due to the

negativ e slop e conductance), leading in turn to a larger in w ard curren t and so on. The

mem brane p oten tial rapidly increases to ab o v e zero, that is an action p oten tial is triggered.

During this phase, v ery large in w ard curren ts are generated, far exceeding the amplitude of

the mo dest stim ulus curren t (recall that around these p oten tials, I

N a

increases e -fold ev ery

3.9 mV). F or the patc h of squid mem brane sim ulated here (where the curren t scales linearly

with the area of the patc h), the p eak of I

N a

is ab out 23 nA.

This qualitativ e accoun t of the origin of the v oltage threshold for an activ e patc h of

mem brane argues that in order for an action p oten tial to b e initiated, the net in w ard curren t

m ust b e negativ e. F or rapid input, this �rst o ccurs at V = V

th

. This analysis w as based on

the rather restrictiv e assumption that m c hanges instan taneously , while h and n remain �xed.

In practice, neither assumption is p erfect. Indeed, while our argumen t predicts V

th

=2.5 mV,

the v oltage threshold for spik e initiation for rapid EPSPs for the Ho dgkin-Huxley equation

is, in fact, equal to 6.85 mV (Noble and Stein, 1966). As discussed in section 17.3, reac hing

a particular v alue of the v oltage for a rapid input in a single compartmen t is equiv alen t with

rapidly dumping a threshold amoun t of c harge Q

th

in to the system.

Applying a curren t step that increases v ery slo wly in amplitude|allo wing the system to

alw a ys relax to its stationary state|prev en ts an y substan tial so dium curren t from 
o wing

and will therefore not cause spiking. Th us, not only do es a giv en v oltage threshold has

to b e reac hed and exceeded but also within a giv en time windo w. W e tak e up this issue in

section 17.3 in the con text of our full p yramidal cell mo del and in section 19.1 to explore ho w

V

th

is a�ected b y the cable structure. F or the p yramidal cell mo del, b oth V

th

as w ell as I

th

can b e estimated quite accurately from the sustained and the instan taneous curren t-v oltage

relationships.
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Figure 6.6: Current-V ol t a ge Rela tionship Ar ound Rest

The instan taneous I-V relationship I

0

asso ciated with our standard patc h of squid axon mem brane

and its three comp onen ts: I

0

= I

N a

+ I

K

+ I

l eak

(eq. 6.21). Because m c hanges m uc h faster

than either h or n for rapid inputs, w e computed G

N a

and G

K

under the assumption that m

adapts instan taneously to its new v alue at V , while h and n remain at their resting v alues. I

0

crosses the v oltage axis at t w o p oin ts: a stable p oin t at V =0 and an unstable one at V

th

�

2.5 mV. Under these idealized conditions, an y input that exceeds V

th

will lead to a spik e. F or

the \real" equations, m do es not c hange instan taneously and nor do n and h remain stationary;

th us, I

0

only crudely predicts the v oltage threshold whic h is, in fact, 6.85 mV for rapid synaptic

input. Note that I

0

is sp eci�ed in absolute terms and scales with the size of the mem brane patc h.

6.3.2 Refractory P erio d

The nerv ous system needs to rapidly rep olarize the mem brane p oten tial follo wing its 100 mV

excursion from the resting p oten tial. Giv en a sp eci�c mem brane capacitance of 1 � m F/cm

2

,

this amoun ts to transferring ab out 6,000 p ositiv ely c harged ions p er �m

2

of mem brane area.

The w a y this is accomplished is b y increasing a p otassium conductance, G

K

. This con-

ductance remains activ ated ev en subsequen t to spik e p olarization (up to 12 msec follo wing

the p eak of the action p oten tial in Fig. 6.5), causing the mem brane to undergo a h yp erp olar-

ization. During this p erio d, it is more di�cult to initiate an action p oten tial than b efore; the

mem brane remains in a r efr actory state. The reason for the reduced abilit y of the mem brane

to disc harge again is the inactiv ation of I

N a

( i.e. h is small) and the con tin uing activ ation

of I

K

( n only deca ys slo wly).
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This r efr actory p erio d can b e do cumen ted b y the use of a second curren t pulse (Fig. 6.7).

A t t =1 msec a 0.5 msec curren t pulse is injected in to our standard patc h of squid axonal

mem brane. The amplitude of this pulse, I

1

=3.95 nA, is close to the minimal one needed to

generate an action p oten tial. The input causes a spik e to b e triggered that p eaks at around

5 msec and rep olarizes to V =0 at t =7 msec. This time, at whic h the mem brane p oten tial

starts to dip b elo w the resting p oten tial (Fig. 6.5), is somewhat arbitrarily assigned to � t =0.

F ollo wing this p oin t, a second 0.5 msec long curren t pulse of amplitude I

2

is applied � t msec

later. The amplitude of I

2

is increased un til a second action p oten tial is generated. This

�rst o ccurs at � t =2 msec (that is 2 msec after the mem brane p oten tial has rep olarized to

zero). A t this time, I

2

=I

1

=23.7, that is the amplitude of the second pulse m ust b e 23.7

times larger than the amplitude of the �rst pulse in order to trigger a spik e. Since suc h large

curren t amplitudes are unph ysiological, the mem brane is de facto not excitable during this

p erio d that is frequen tly referred to as the absolute r efr actory p erio d . Up to 11 msec after

rep olarization of the mem brane due to the �rst spik e is the threshold for initiation of the

second spik e elev ated ( r elative r efr actory p erio d ; Fig. 6.7). This is follo w ed b y a brief p erio d

of mild h yp erexcitabilit y when a spik e can b e elicited b y a sligh tly (15%) smaller curren t

than under resting conditions.

>F rom a computational p oin t of view, it is imp ortan t to realize that the threshold b eha vior

of the Ho dgkin and Huxley mo del dep ends on the previous spiking history of the mem brane.

In the squid axon, as in most axons, the threshold rises only brie
y , returning to baseline

lev els after 20 msec or less. As w arming the axon to b o dy temp eratures sp eeds up the rates

of gating t w o- to fourfold

4

, the minimal separation times is exp ected to b e only 1-2 msec

for axons in w arm blo o ded animals. Nerv e cells|as compared to axons| often displa y a

m uc h longer increase in their e�ectiv e spiking threshold, dep ending on the n um b er of action

p oten tials generated within the last 100 or more milliseconds (Ra ymond, 1979). Section 9.2.3

will treat the bioph ysical mec hanism underlying this short-term �ring fr e quency adaptation

in more detail.

4

A crucial parameter in determining the dynamics of the action p oten tial is the temp erature T . As �rst

men tioned in a fo otnote in section 4.6.1, if the temp erature is reduced, the rate at whic h the ionic c hannels

underlying the action p oten tial op en or close slo ws do wn, while the p eak conductance remains unc hanged.

Ho dgkin and Huxley recorded most of their data at 6.3

�

C and the rate constan ts are expressed at these

temp eratures (eqs. 6.10, 11 and 6.16 through 6.19). T o obtain the action p oten tial at an y other temp erature

T , all � 's and � 's all need to b e corrected b y Q

( T � 6 : 3) = 10

10

, with a Q

10

b et w een 2 � 4 (Ho dgkin, Huxley and

Katz, 1952; Beam and Donaldson, 1983; for a de�nition of Q

10

see the fo otnote in section 4.6). The Q

10

for the p eak conductances is a mo dest 1.3. As the temp erature is increased, the upstr oke , i.e. the rate at

whic h the v oltage rises during the rapid, dep olarizing phase of the action p oten tial, increases, b ecause the

sp eed at whic h I

N a

is activ ated increases. A t the same time, b oth so dium inactiv ation as w ell as p otassium

activ ation increases. Altogether, the total duration of the spik e decreases. A t temp eratures ab o v e 33

�

C no

spik e is generated (Ho dgkin and Katz, 1949; of course, the squid axon liv es in far more frigid w aters than

these balm y temp eratures).
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Figure 6.7: Refra ctor y Period

A 0.5 msec brief curren t pulse of I

1

=0.4 nA amplitude causes an action p oten tial (Fig. 6.5).

A second, equally brief, pulse of amplitude I

2

is injected � t msec after the mem brane p oten tial

due to the �rst spik e has reac hed V =0 and is ab out to h yp erp olarize the mem brane. F or eac h

v alue of � t; I

2

is increased un til a second spik e is generated (see the inset for � t =10 msec).

The ratio I

2

=I

1

of the t w o pulses is here plotted as a function of � t . F or sev eral milliseconds

follo wing rep olarization, the mem brane is practically inexcitable since suc h large curren ts are un-

ph ysiological ( absolute r efr actory p erio d ). Subsequen tly , a spik e can b e generated but it requires

a larger curren t input ( r elative r efr actory p erio d ). This is follo w ed b y a brief p erio d of reduced

threshold (h yp erexcitabilit y). No more in teractions are observ ed b ey ond ab out � t =18 msec.

6.4 Relating Firing F requency to Sustained Curren t

Input

What happ ens if a long-lasting curren t step of constan t amplitude is injected in to the space-

clamp ed axon (Agin, 1964; Co oley , Do dge and Cohen, 1965; Stein, 1967a)? If the curren t

is to o small, it will giv e rise to a p ersisten t sub-threshold dep olarization (Fig. 6.8). Plotting

the steady-state mem brane dep olarization as a function of the applied mem brane curren t

(Fig. 6.9A) rev eals the linear relationship b et w een the t w o. If the input is of su�cien t

amplitude to exceed the threshold, the mem brane will generate a single action p oten tial

(Fig. 6.8). The minimal amoun t of sustained curren t needed to generate at least one action

p oten tial (but not necessarily an in�nite train of spik es) is called rhe ob ase (Cole, 1972). F or

our standard mem brane patc h, rheobase corresp onds to 0.065 nA (this curren t is ob viously far
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less than the amplitude of the brief curren t pulse used previously). After the spik e has b een

trigged and follo wing the afterh yp erp olarization, V ( t ) stabilizes at around 2 mV p ositiv e to

the resting p oten tial, limiting the remo v al of so dium inactiv ation as w ell as enhancing I

K

.

As the curren t amplitude is increased, the o�set dep olarization follo wing the action p oten tial

and its h yp erp olarization increases un til, when the amplitude of the curren t step is ab out

three times rheobase (0.175 nA), a second action p oten tial is initiated. A t around 0.18 nA

( I

1

in Fig. 6.9A) the mem brane will generate an inde�nite train of spik es at �xed in terv als:

the mem brane p oten tial b et w een action p oten tials alw a ys slo wly creeps past V

th

and the

cycle b egins anew: the system tra v els on a stable limit cycle. In a noiseless situation, the

in terv al b et w een consecutiv e spik es is constan t and the cell b eha v es as a p erio dic oscillators

with constan t frequency .

0 20 40 60 80 100

100

mV

0.06 nA

0.065 nA

0.18 nA

0.25 nA

t (msec)

Figure 6.8: Repetitive Spiking

V oltage tra jectories in resp onse to curren t steps of v arious amplitudes in the standard patc h

of squid axonal mem brane. The minim um sustained curren t necessary to initiate a spik e,

termed rhe ob ase , is 0.065 nA. In order for the mem brane to spik e inde�nitely , larger curren ts

m ust b e used. Exp erimen tally , the squid axon usually stops �ring after a few seconds due to

secondary inactiv ation pro cesses not mo deled b y the Ho dgkin and Huxley (1952d) equations.

Fig. 6.9A sho ws the asso ciated steady-state v oltage-curren t relationship. Exp erimen tally ,

it can b e obtained b y clamping the mem brane p oten tial to a particular v alue V and b y

measuring the resultan t clamp curren t I . The equations generate in�nite trains of action

p oten tials for I � I

1

(dashed line in Fig. 6.9A).

If the curren t amplitude is further increased, the in terspik e in terv als b egin to decrease

and the spiking frequency increases. Fig. 6.9B sho ws the relationship b et w een the amplitude
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of the injected curren t and the spiking frequency around threshold and Fig. 6.10A o v er a

larger curren t range. It is referred to as the fr e quency-curr ent or f-I curv e. Ov erall, there is

a fairly limited range of frequencies at whic h the mem brane �res, b et w een 53 and 138 Hz.

If a curren t at the upp er amplitude range is injected in the axon, the mem brane fails to

rep olarize su�cien tly b et w een spik es to reliev e so dium inactiv ation. Th us, although the

mem brane p oten tial do es sho w oscillatory b eha vior, no true action p oten tials are generated.
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Figure 6.9: Sust ained Spiking in the Hodgkin-Huxley Equa tions

(A) Steady-state v oltage-curren t relationship and (B) the f-I or disc harge curv e as a func-

tion of the amplitude of the sustained curren t I asso ciated with the Ho dgkin-Huxley equa-

tions for a patc h of squid axonal mem brane. F or curren ts less than 0.18 nA, the mem-

brane resp onds b y a sustained dep olarization (solid curv e). A t I

1

, the system loses its sta-

bilit y and generates an in�nite train of action p oten tials: it mo v es along a stable limit cy-

cle (dashed line). A c haracteristic feature of the squid mem brane is its abrupt onset of �r-

ing with non-zero oscillation frequency . The steady-state V-I curv e can also b e view ed as

the sum of all steady-state ionic curren ts 
o wing at an y particular mem brane p oten tial V

m

.

Some authors (Hagiw ara and Oom ura, 1958) ha v e b een unable to repro duce main taining

�ring exp erimen tally (see, ho w ev er, Chapman, 1966). This is most lik ely due to secondary
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inactiv ation mec hanisms whic h are not treated b y the Ho dgkin and Huxley equations. Y et

for shorter times, the theoretical mo del of Ho dgkin and Huxley mak es reasonably satisfactory

predictions of the b eha vior of the space-clamp ed axon (for a detailed comparison b et w een

exp erimen tal observ ations and theoretical predictions see Guttman and Barnhill, 1970), in

particular with resp ect to the small dynamic range of �ring frequencies supp orted b y the

axonal mem brane and the abrupt onset of spiking at a high �ring frequency . The f-I curv e

can b e w ell appro ximated b y either an square ro ot or a logarithmic relationship b et w een

frequency and injected curren t (Agin, 1964; see Fig. 6.10).

In general, the f-I curv es of neurons sho w a sigmoidal b eha vior for large input v alues.

This justi�es the in tro duction of a smo oth, sigmoidal-t yp e of nonlinearit y mimic king the

neuronal input-output transduction pro cess in con tin uously v alued neural net w ork mo dels

(Hop�eld, 1984). It is imp ortan t to k eep in mind that the paradigm under whic h the f-I

curv es are obtained, sustained curren t input, represen ts only a v ery crude appro ximation to

the dynamic ev en ts o ccurring during synaptic b om bardmen t of a cell leading to v ery complex

spik e disc harge patterns (see c hapter 15).

An imp ortan t feature of the Ho dgkin and Huxley mo del is that the frequency at the

onset of rep etitiv e activit y has a w ell-de�ned non-zero minim um (ab out 53 Hz at 6.3

�

C;

Fig. 6.10B). The mem brane is not able to sustain oscillations at lo w er frequencies. This

b eha vior, generated b y a so-called Hopf bifur c ation mec hanism, is generic to a large class

of oscillators o ccurring in nonlinear di�eren tial equations (Cronin, 1987; Rinzel and Ermen-

trout, 1989) and will b e treated in more detail in the follo wing c hapter.

As �rst explicitly sim ulated b y Stein (1967b), adding random v ariabilit y to the input can

increase the bandwidth of the axon b y e�ectiv ely increasing the range within whic h the mem-

brane can generate action p oten tials. If the input curren t is made to v ary around its mean

with some v ariance, re
ecting for instance the sp on taneous release of synaptic v esicles, the

sharp discon tin uit y in the �ring frequency at lo w curren t amplitudes is eliminated, since ev en

with an input curren t that is on a v erage b elo w threshold, the stim ulus will b ecome strong

enough to generate an impulse with a �nite, though small, a v erage frequency . Dep ending

on the lev el of noise, the e�ectiv e minimal �ring frequency can b e reduced to close to zero

(Fig. 6.10B). A similar linearization b eha vior can b e obtained if the con tin uous, determin-

istic and macroscopic curren ts inheren t in the Ho dgkin-Huxley equations are appro ximated

b y the underlying discrete, sto c hastic and microscopic c hannels (Sk augen and W allo e, 1979;

see section 8.3).

Adding noise to a quan tized signal to reduce the e�ect of this discretization is a standard

tec hnique in engineering kno wn as dithering or sto chastic line arization (Gammaitoni, 1995;

Stemmler, 1996).

A large n um b er of neurons can generate rep etitiv e spik e trains with arbitrarily small

frequencies. As �rst sho wn b y Connor and Stev ens (1971c) in their Ho dgkin and Huxley-

lik e mo del of a gastrop o d nerv e cell, addition of a transien t, inactiv ating p otassium curren t

(termed the I

A

curren t) enables the cell to resp ond to v ery small sustained input curren ts

with a main tained disc harge of v ery lo w frequency (this topic will b e further pursued in

section 7.2.2). Suc h lo w �ring frequency are also supp orted b y p yramidal cells (Fig. 9.7).



Ho dgkin-Huxley Mo del 159

0

40

80

120

0 0.4 0.8 1.2 1.6 2

A)

I (nA)

f

0

20

40

60

80

0 0.1 0.2 0.3 0.4

B)

I (nA)

(Hz)

f

(Hz)

Figure 6.10: The Hodgkin-Huxley f-I cur ve and Noise

(A) The relationship b et w een the amplitude of an injected curren t step and the frequency of the

resultan t sustained disc harge of action p oten tials (f-I curv e) for a mem brane patc h of squid axon

at 6.3

�

C (solid line) and its n umerical �t (dashed line) b y f = 33 : 2 log I + 106. Sup erimp osed

in b old is the f-I curv e for the standard squid axon cable (using normalized curren t). Notice the

v ery limited bandwidth of axonal �ring. (B) The f-I curv e for the mem brane patc h case around

its threshold (rheobase) in the presence of noise. White (2000 Hz band-limited) curren t noise

whose amplitude is Gaussian distributed with zero mean curren t is added to the curren t stim-

ulus. In the absence of an y noise (solid line) the f-I curv e sho ws abrupt onset of spiking. The

e�ect of noise (the lo w er dashed curv e has a standard deviation of 0.05 nA and the upp er dotted

curv e of 0.1 nA) is to linearize the threshold b eha vior and to increase the bandwidth of transmis-

sion (sto c hastic linearization). Linear f-I curv es are also obtained when replacing the con tin uous

and deterministic Ho dgkin-Huxley curren ts b y discrete and sto c hastic c hannels (see section 8.3).

6.5 Action P oten tial Propagation Along the Axon

Once the threshold for excitation has b een exceeded, the all-or-none action p oten tial can

propagate from the stim ulus site to other areas of the axon. The h yp othesis that this
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propagation is mediated b y cable curren ts 
o wing from excited to neigh b ouring, non-excited

regions w as suggested already around the turn of the cen tury b y Hermann (1899). It w as

not un til Ho dgkin (1937) that direct exp erimen tal pro of b ecame a v ailable. A quan titativ e

theory of this propagation had to a w ait Ho dgkin and Huxley's 1952 study . Because this

has b een a v ery w ell explored c hapter in the history of bioph ysics, w e will b e brief here,

only summarizing the salien t p oin ts. Chapter 10 in Jac k et al. (1975) pro vides a deep and

thorough co v erage of nonlinear cable theory as applied to the conduction of action p oten tials.

Section 19.1 will deal with ho w cable structures, suc h as an in�nite cylinder, a�ect the v oltage

threshold for spik e initiation.

6.5.1 The Empirical Determination of the Propagation V elo cit y

The equiv alen t electrical circuit replicates the patc h of so dium, p otassium and leak conduc-

tances and batteries of Fig. 6.2 along the cable in a fashion w e are already familiar with

from the passiv e cable (Fig. 6.12). Eq. 2.5 sp eci�es the relationship b et w een the mem brane

curren t (p er unit length) and the v oltage along the cable:

i

m

=

1

r

a

@

2

V

@ x

2

: (6.22)

In eq. 6.20, w e deriv ed the mem brane curren t (p er unit area) 
o wing in a patc h of axonal

mem brane. Com bining the t w o with the appropriate atten tion to scaling factors leads to

an equation relating the p oten tial along the axon to the electrical prop ert y of the activ e

mem brane:

d
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) ; (6.23)

where d is the diameter of the axon. Ho dgkin and Huxley (1952d) used a d =0.476 mm thic k

axon in their calculations and a v alue of R

i

= 35.4 
 cm . This nonlinear partial di�eren tial

equation, in conjunction with the three equations describing the dynamics of m; h and n

and the appropriate initial and b oundary conditions, constitutes the complete Ho dgkin and

Huxley mo del.

This t yp e of second-order equation, for whic h no general, analytical solution is kno wn, is

called a r e action-di�usion equation, b ecause it can b e put in to the form of

@ V

@ t

= D

@

2

V

@ x

2

+ F ( V ) ; (6.24)

with D > 0 constan t. W e will meet this t yp e of equation again when considering the

dynamics of in tracellular calcium (see c hapter ?? ). Under certain conditions, it has w a v e-

lik e solutions.

Because Ho dgkin and Huxley only had access to a v ery primitiv e hand calculator, they

could not directly solv e eq. 6.23. Instead, they considered a particular solution to these

equations. Since they observ ed that the action p oten tial propagated along the axon without
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Figure 6.11: The Local Cir cuit Current in the Squid Ax on

Illustration of the ev en ts o ccuring in the squid axon during the propagation of an action p oten tial.

Since the spik e b eha v es lik e a w a v e tra v eling at constan t v elo cit y , these t w o panels can b e though t

of as either sho wing the v oltage and curren ts in time at one lo cation or as pro viding a snapshot of

the state of the axon at one particular instan t (see the space/time axes at the b ottom). (A) The

distribution of the v oltage (left scale) or the n um b er of op en c hannels (righ t scale) as inferred from

the Ho dgkin and Huxley mo del at 18.5

�

C. (B) The lo c al cir cuit curr ents that spread from an ex-

cited patc h of the axon to neigh b ouring regions bringing them ab o v e threshold, thereb y propagating

the action p oten tial. The diameter of the axon (0.476 mm) is not dra wn to scale. >F rom Hille (1992).

c hanging its shap e, they p ostulated the existence of a w a v e solution to this equation, in whic h

the action p oten tial tra v els with constan t v elo cit y u along the axon, i.e. V ( x; t ) = V ( x � ut ).

T aking the second spatial and temp oral deriv ativ e of this expression and using the c hain rule

leads to a second-order h yp erb olic partial di�eren tial equation

@

2

V

@ x

2

=

1

u

2

@

2

V

@ t

2

: (6.25)
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Figure 6.12: Electrical Cir cuit of the Squid Giant Ax on

One-dimensional cable mo del of the squid gian t axon. The structure of the ca-

ble is as in the passiv e case (Fig. 2.2B), with the R C mem brane comp onen ts aug-

men ted with circuit elemen ts mo deling the so dium and p otassium curren t (Fig. 6.2).

Replacing the second spatial deriv ativ e term in eq. 6.23 with this expression yields

1

K

d

2

V

dt

2

=

dV

dt

+

I

i

C

m

; (6.26)

with K = 4 R

i

u

2

C

m

=d and I

i

a shorthand for the t w o ionic and the leak curren t. Eq. 6.26

is an ordinary second-order di�eren tial equation, whose solution is m uc h easier to compute

than the solution to the full-blo wn partial di�eren tial equation. It do es, require, though, a

v alue for u . By a lab orious trial and error pro cedure, Ho dgkin and Huxley iterativ ely solv ed

this equation un til they found a v alue of u leading to a stable propagating w a v e solution. In

a truly remark able test of the p o w er of their mo del, they estimated 18.8 m/sec (at 18.3

�

C)

for the v elo cit y at whic h the spik e propagates along the squid gian t axon, a v alue within 10%

of the exp erimen tal v alue of 21.2 m/sec. This is all the more remark able, giv en that their

mo del is based on v oltage- and spaced-clamp data, and represen ts one of the rare instances

in whic h a neurobiological mo del mak es a successful quan titativ e prediction!

W e can establish the dep endency of the v elo cit y on the diameter of the �b er using the

follo wing argumen tation. Because b oth I

i

as w ell as C

m

are expressed as curren t and ca-

pacitance p er unit mem brane area, their ratio is indep enden t of the �b er diameter. The

v oltage across the mem brane and its temp oral deriv ativ es m ust also b e indep enden t of d .

This implies that the constan t K in eq. 6.26 m ust remain in v arian t to c hanges in diameter.

Assuming that C

m

and R

i

do not dep end on d , w e are lead to the conclusion that the v elo cit y

u m ust b e

u /

p

d : (6.27)

In other w ords, the propagation v elo cit y in unm y elinated �b ers is exp ected to b e prop ortional

to the square ro ot of the axonal diameter

5

. Indeed, this predicted relationship is roughly

follo w ed in real neurons (see Fig. 6.15; Ritc hie, 1995).

This implies that if the dela y b et w een spik e initiation at the cell b o dy and the arriv al of

the spik e at the termination of an axon needs to b e cut in half, the diameter of the axon

5

Notice that w e deriv ed a similar square-ro ot relationship b et w een diameter and \pseudo-v elo cit y" for

the decremen tal w a v e in the case of a passiv e cable (eq. 2.53).
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needs to increase b y a factor 4, a hea vy price to pa y for rapid comm unication. The premium

put on minimizing propagation dela y in long cable structures is most lik ely the reason the

squid ev olv ed suc h thic k axons. As w e will see further b elo w, man y axons in v ertebrates

use a particular form of electrical insulation, termed myelination , to greatly sp eed up spik e

propagation without a concomitan t increase in �b er diameter.

It w as more than ten y ears later that Co oley , Do dge and Cohen (1965; see also Co oley

and Do dge, 1966) solv ed the full partial di�eren tial eq. 6.23 n umerically using an iterativ e

tec hnique. Fig. 6.13 displa ys the v oltage tra jectory at three di�eren t lo cations along the

axon; at x =0 a short, suprathreshold curren t pulse c harges up the lo cal mem brane capaci-

tance. This activ ates the so dium conductance and N a

+

ions rush in, initiating the full-blo wn

action p oten tial (not sho wn). The lo cal circuit curren t generated b y this spik e leads to an

exp onen tial rise in the mem brane p oten tial in the neigh b ouring region, kno wn as the \fo ot"

of the action p oten tial. This capacitiv e curren t in turn activ ates the lo cal so dium conduc-

tance that will increase rapidly , bringing this region ab o v e threshold: the spik e propagates

along the axon. Di�eren t from the space-clamp ed axon where the capacitiv e curren t is al-

w a ys equal and opp osite to the ionic curren ts once the stim ulus curren t has stopp ed 
o wing

(eq. 6.20), the time course of curren t is more complex during the propagated action p oten-

tial due to the lo cal circuit curren ts. Because some fraction of the lo cal mem brane curren t

dep olarizes neigh b ouring segmen ts of the axonal cable (the so- called lo c al cir cuit curren ts;

see Fig. 6.11), the curren t amplitude required to trigger at least one action p oten tial is larger

than the curren t amplitude in the space-clamp ed case.

If the v oltage applied to the squid mem brane is small enough, one can line arize the

mem brane, describing its b eha vior in terms of v oltage-indep enden t resistances, capacitances

and inductances. This pro cedure w as �rst carried out b y Ho dgkin and Huxley (1952d) and

will b e discussed in detail in c hapter 10. Under these circumstances, a space constan t � can

b e asso ciated with the \linearized" cable, describing ho w v ery small curren ts are atten uated

along the axon. A t rest, the d.c. space constan t for the squid axon is � =5.4 mm, ab out ten

times larger than its diameter.

When long curren t steps of v arying amplitude are injected in to the axon, the squid axon

resp onds with regular, p erio dic spik es. Ho w ev er, the already small dynamic range of the f-I

curv e of the space-clamp ed axon (Fig. 6.10A) b ecomes further reduced to a factor of less than

1.7 when the the sustained �ring activit y in the full axon is considered (from 58 to 96 Hz

at 6.3

�

C). Th us, while the Ho dgkin and Huxley mo del describ es to a remark able degree

the b eha vior of the squid's gian t axon, the equations do not serv e as an adequate mo del for

impulse transduction in nerv e cells, most of whic h ha v e a dynamic range that extends o v er

t w o orders of magnitude.

As predicted b y Huxley (1959), Co oley and Do dge (1966) found a second solution to

the Ho dgkin and Huxley equations. A t v alues of curren t input v ery close to the threshold

for spik e initiation, they observ ed a decremen tal w a v e propagating a w a y from the curren t

source. This solution quic kly dies a w a y to zero p oten tial as x increases and is only observ ed

if the amplitude of the curren t step is within 10

� 3

of the threshold curren t. This also rev eals

the fact that the Ho dgkin and Huxley mo del do es not p ossess a strict threshold in the true
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Figure 6.13: Pr op a ga ting A ction Potential

The solution to the complete Ho dgkin and Huxley mo del for a 5 cm long piece of squid axon

for a brief suprathreshold curren t pulse deliv ered to one end of the axon. This pulse generates

an action p oten tial that tra v els do wn the cable and is sho wn here at the origin as w ell as 2 and

3 cm a w a y from the stim ulating electro de (solid lines). Notice that the shap e of the action p o-

ten tial remains in v arian t due to the nonlinear mem brane. The e�ectiv e v elo cit y of the spik e is

12.3 m/sec (at 6.3

�

C). If the amplitude of the curren t pulse is halv ed, only a lo cal dep olarization

is generated (dashed curv e) that dep olarizes the mem brane 2 cm a w a y b y a mere 0.5 mV (not

sho wn). This illustrates the dramatic di�erence b et w een activ e and passiv e v oltage propagation.

sense of the w ord. In other w ords, there exists a con tin uous transformation b et w een the

subthreshold and the threshold v oltage resp onse. Y et in order to rev eal these in termediate

solutions the excitation m ust b e adjusted with a degree of accuracy imp ossible to ac hiev e

ph ysiologically . Practically sp eaking, giv en una v oidable noise in an y neuronal system, only

the propagating w a v e solution (with its asso ciated threshold) pla ys a signi�can t role in

propagating information along the axon.

Co oley and Do dge (1966) also considered what happ ens if the densit y of v oltage-dep enden t

c hannels underlying G

N a

and G

K

is atten uated b y a factor of � (with 0 � � � 1; the v alue of

V

r est

and G

l eak

w ere adjusted so that the resting p oten tial and resting conductance w ere held

constan t). Reducing these conductances is somewhat analogous to the action of certain lo cal

anesthetics, suc h as lido caine or pro caine as used b y den tists, in blo c king action p oten tial

propagation. As � is reduced b elo w one, the v elo cit y of propagation as w ell as the p eak

amplitude of the spik e are reduced. F or � < 0.26, no uniform w a v e solution is p ossible and

the \action p oten tial" decremen ts with distance.
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6.5.2 Nonlinear W a v e Propagation

Spik es mo ving do wn an axon are but one instance of a nonline ar pr op agating wave . Nonlinear,

since in a linear disp ersiv e medium, suc h as a passiv e cable, the di�eren t F ourier comp onen ts

asso ciated with an y particular v oltage disturbance will propagate at a di�eren t v elo cit y and

the disturbance will lose its shap e. This is wh y propagating spik es and the lik e are frequen tly

referred to b y mathematicians as resulting from nonline ar di�usion . Other examples include

sonic sho c k w a v es or the digital pulses in an optical cable.

Scott (1975) argues for a broad classi�cation of suc h phenomena in to (i) those systems for

whic h energy is conserv ed and whic h ob ey a conserv ation la w and (ii) those for whic h solitary

tra v elling w a v es imply a balance b et w een the rate of energy release b y some nonlinearit y and

its consumption.

W a v es asso ciated with the �rst t yp e of systems are kno wn as solitons and are alw a ys

based on energy conserv ation (Scott, Ch u and McLaughlin, 1973). Solitons emerge from a

balance b et w een the e�ects of nonlinearit y , whic h tend to dra w the w a v e together, �gh ting

disp ersion, whic h tends to spread the pulse out. This imples that solitons can propagate

o v er a range of sp eeds. F urthermore, they can propagate through eac h other without an y

in terference. Solitons ha v e b een observ ed in o cean w a v es and pla y a ma jor role in high-sp eed

optical �b ers.

Action p oten tials are an example of the second t yp e of propagating w a v e, similar to an

ordinary burning candle (Scott, 1975). Di�usion of heat do wn the candle releases w ax whic h

burns to supply the heat. If P is the p o w er (in joules p er second) necesssary to feed the


ame and E the c hemical energy stored p er unit length of the candle (joules p er meter), the

nonlinear w a v e in the form of the 
ame mo v es do wn the candle at a �xed v elo cit y u giv en

b y

P = uE : (6.28)

In other w ords, the v elo cit y is �xed b y the prop erties of the medium and do es not dep end on

the initial conditions. W ere w e to ligh t 
ames at b oth ends of the candle, the 
ames w ould

mo v e to w ard eac h others and annihilate themselv es. This is also true if action p oten tials

are initiated at the opp osite ends of an axon. When they meet, they run in to eac h others

refractory p erio d and destro y eac h other. Th us, spik es are not solitons.

6.6 Action P oten tial Propagation in My elinated Fib ers

The successful culmination of the researc h e�ort b y Ho dgkin and Huxley heralded the coming

of age of neurobiology . While w e will deal in c hapter ?? with their metho dology as applied

in the past decades to the ionic curren ts found at the cell b o dy of nerv e cells, let us here

brie
y summarize spik e propagation in myelinate d axons (for more details, see W axman,

Ko cis, St ys, 1995; Ritc hie, 1995; W eiss, 1996).

Axons come in t w o 
a v ors, those co v ered b y la y ers of the lipid myelin and those that

are not. The squid axon is an unm y elinated �b er, common to in v ertebrates. In v ertebrates,

man y �b ers are wrapp ed dozens or ev en h undreds of time with m y elin, the actual diameter
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Figure 6.14: Myelina ted Ax ons

Electron micrograph of a cross section through p ortion of the optic �b er in an adult rat. The

complete transv erse section through a single m y elinated axon is sho wn, in close neigh b ourho o d

to other axons.

Ab out four wrappings of m y elin insulation are visible. The circular structures inside the axonal

cytoplasm are transv erse sections through microtubules. F rom P eters, P ala y and W ebster (1976).

of the axon itself b eing only 60% or 70% of the total diameter (Fig. 6.14). This insulating

material is formed b y sp ecial supp orting cells, called Schwann cells in the p eripheral nerv ous

system and oligo dendr o cytes in the cen tral nerv ous system.

A second sp ecialization of m y elinated �b ers is that the m y elin sheet is in terrupted at

regular in terv als along the axon b y no des, named for their disco v erer no des of R anvier . Here,

the extracellular space gains direct access to the axonal mem brane. T ypically , the length of a

no de is v ery small (0.1%) compared to the length of the interno dal segmen t (Fig. 6.15). In the

v ertebrate, single m y elinated �b ers range in diameter from 0.2-20 �m , while unm y elinated

�b ers range b et w een 0.1-1 �m . In stark con trast, the diameter of unm y elinated in v ertebrate

�b ers range from under 1 �m to 1 mm.
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In m y elinated axons, conduction do es not pro ceed con tin uously along the cable, but

jumps in a discon tin uous manner from one no de to the next. This saltatory c onduction

(from the Latin saltus , to leap) w as clearly demonstrated b y Huxley and St• amp
i (1949)

and T asaki (1956). What these and similar exp erimen ts on frog, rabbit and rat m y elinated

�b ers made clear is that ionic curren ts are strikingly inhomogeneous distributed across the

axonal mem brane (Fig. 6.15; FitzHugh, 1962; F rank enhaeuser and Huxley , 1964; St• amp
i

and Hille, 1976; Rogart and Ritc hie, 1977; Chiu, Ritc hie, Rogart and Stagg, 1979; Chiu and

Ritc hie, 1980). Spik e generation essen tially only tak es places at the small no des of Ran vier,

whic h are loaded with fast, so dium c hannels (b et w een 700 and 2000 p er �m

2

). In mam-

malian m y elinated nerv es, the rep olarization of the spik e is not driv en b y an large out w ard

p otassium curren t, as in the squid axon

6

but is ac hiev ed using a rapid so dium inactiv ation

in com bination with a large e�ectiv e leak conductance. Indeed, action p oten tials do not

sho w an y h yp erp olarization (Fig. 6.1B), unlik e those in the squid gian t axon. The origin

of the large, v oltage-indep enden t leak migh t in v olv e an extracellular path w a y b eneath the

m y elin that connects the no dal and in terno dal regions (Barrett and Barrett, 1982; Ritc hie,

1995). P otassium c hannels are presen t under the m y elin sheet along the in terno dal section,

although their functional role is unclear (W axman and Ritc hie, 1985).

The function of the n umerous, tigh tly dra wn la y ers of m y elin around the in terno dal

segmen ts is to reduce the h uge capacitiv e load imp osed b y this v ery large cable segmen t, as

w ell as to reduce the amoun t of longitudinal curren t that leaks out across the mem brane.

The e�ectiv e mem brane capacitance of the en tire m y elin sheath, made up in the case of the

frog axon illustrated in Fig. 6.15 out of 250 m y elin la y ers, is C

m

= 250 with C

m

the sp eci�c

capacitance of one la y er of m y elin (similar to that of the axonal mem brane), while the e�ectiv e

resistance is 250 times higher than the R

m

of one la y er of m y elin. Ev en though the length

of the in teraxial no de is t ypically 1,000 times larger than the no de, its total capacitance has

the same order of magnitude (Fig. 6.15). This allo ws the action p oten tial to rapidly spread

from one no de to the next, \jumping" across the in terv ening in terno dal area and reducing

metab olic cost (since less energy m ust b e exp ended to restore the so dium concen tration

gradien t follo wing action p oten tial generation). There is a safet y factor built in to the system,

since blo c king one no de via a lo cal anesthetic agen t do es not prev en t blo c k age of the impulse

across the no de (T asaki, 1953). Detailed computer sim ulations of the appropriately mo di�ed

Ho dgkin-Huxely equations (based on the circuit sho wn in Fig. 6.15) ha v e con�rmed all of

this (F rank enhaeuser and Huxley , 1964; Rogart and Ritc hie, 1977).

Single axons can extend o v er one meter or more

7

, making conduction v elo cit y of the

electrical impulses something that ev olution m ust ha v e tried to minimize at all cost. Mea-

suremen ts (Huxley and St• amp
i, 1949) and computations indicate that the time it tak es for

the curren ts at one no de to c harge up the mem brane p oten tial at the next no de is limited b y

the time it tak es to c harge up the in terv ening in terno dal mem brane. This is determined b y

the time constan t of the mem brane � , whic h is indep enden t of the geometry of the axon. In

6

Pharmacological blo c k age of p otassium c hannels has no e�ect on the shap e of the action p oten tial in the

rabbit �b ers (Ritc hie, Rang and P ellegrino, 1981).

7

Think ab out the spinal nerv e axons of an elephan t or of the extinct Bron tosaurus.
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Figure 6.15: Electrical Cir cuit f or a Myelina ted Ax on

Geometrical and electrical la y out of the m y elinated axon from the frog sciatic nerv e (F rank en-

haeuser and Huxley , 1964; Rogart and Ritc hie, 1977). The diameter of the axon and its

m y elin sheath is 15 �m , the diameter of the axon itself 10.5 �m , the di�erence b eing made

up b y 250 wrappings of m y elin. The m y elin is in terrupted ev ery 1.38 mm b y a no de of

R anvier that is 2.5 �m wide. The total distributed capacitance for the in terno de (2.2 pF)

is only sligh tly larger than the capacitance of the m uc h smaller no de (1.6 pF). The same

is also true of the distributed resistance. A t eac h no de, the spik e is re-ampli�ed b y a fast

so dium curren t and is rep olarized b y a p otassium curren t. Little or no p otassium curren t is

found at the no des of Ran vier in mammalian m y elinated axons. There, rep olarization is ac-

complished b y rapid so dium inactiv ation in conjunction with a large e�ectiv e \leak" curren t.
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this time the spik e will ha v e mo v ed across the in terno dal distance, making the propagation

v elo cit y prop ortional to this distance divided b y � . Since anatomically , the in terno dal dis-

tance is linearly related to the diameter of the axon, the v elo cit y of spik e propagation will

b e prop ortional to the �b er diameter,

u / d ; (6.29)

rather than the square ro ot dep endency found for unm y elinated �b ers (eq. 6.27). Rush ton

(1951) ga v e this argumen t a precise form using the principle of dimensional sc aling . If, he

argued, axons had the same sp eci�c mem brane prop erties, then in order for p oin ts along t w o

axons with di�eren t diameters to b e in \corresp onding states", certain scaling relationships

m ust hold. In particular, space should increase in units of the in terno dal length and v elo cit y

should b e roughly prop ortional to the �b er diameter (for more details, see W eiss, 1996).

The latter is actually the case (Fig. 6.16). When comparing the �b er diameter against the

propagation v elo cit y for m y elinated cat axons, a roughly linear relationship can b e observ ed

(Hursh, 1939; Rush ton, 1951; Ritc hie, 1982). With the exception of a 1.1 �m thic k unm y eli-

nated mammalian �b er that propagates action p oten tials at 2.3 mm/msec (Gasser, 1950),

spik e v elo cit y in v ery small �b ers has, so far, b een di�cult to record.

The functional imp ortance of m y elinated �b ers is clear. They pro vide a reliable and rapid

means of comm unicating impulses at a m uc h reduced cost compared to unm y elinated �b ers

(at the same conduction v elo cit y , an m y elinated �b er can b e up to 50 times smaller than an

unm y elinated �b er). This large ( � 2500) factor in pac king allo ws the brain to squeeze more

than a million axons in to a single nerv e that supplies the brain with visual information. The

primary cost of this insulation is the added dev elopmen tal complexit y and the p ossibilit y

that dem y elinating diseases, suc h as Multiple Scler osis , can incapacitate the organism.

6.7 Branc hing Axons

The all-or-none nature of action p oten tials has lead to the idea that the axon serv es mainly

as a reliable transmission line, making a highly secure, one w a y , p oin t-to-p oin t connection

among t w o pro cessing devices. F urthermore, b ecause of its high propagation v elo cit y , the

action p oten tial is though t to arriv e almost sim ultaneously to all of its output sites. In-

deed, b oth prop erties ha v e b een used to infer that spik es propagating parallel �b ers in the

cereb ellum serv e to implemen t a v ery precise timing circuit (Braiten b erg and A t w o o d, 1958;

Braiten b erg, 1967).

It will not come as a surprise that the axon-as-a-wire concept is not quite true and needs

to b e revised. Exp erimen tally , it is kno w that trains of action p oten tials sho w failure at

certain regions along the axon, most lik ely at the branc h p oin ts. In other w ords, the train

of spik es generated at the soma ma y ha v e lost some of its mem b ers b y the time it reac hes

the presynaptic terminals, with individual spik es \deleted" (Barron and Matthews, 1935;

T auc and Hughes, 1963; Ch ung, Ra ymond and Lettvin, 1970; P arnas, 1972; Smith, 1983).

F or instance, conduction across a branc hing p oin t in a lobster axon fails at frequencies

ab o v e 30 Hz (Grossman, P arnas and Spira, 1979a). This conduction blo c k �rst app ears
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Figure 6.16: Diameter and Pr op a ga tion Velocity

The relationship b et w een the (in ternal) diameter d of adult cat p eripheral m y elinated

�b ers and propagation v elo cit y u of the action p oten tial. The data are sho wn as dots

(Hursh, 1939) and the least square �t as a line. P eripheral m y elinated �b ers are big-

ger than 1 � m, while m y elinated �b ers in the cen tral nerv ous system can b e as thin

as 0.2 � m, with an exp ected v elo cit y in the 1 mm/msec range. F rom Ritc hie (1982).

in the thic k er daugh ter branc h and only later in the thinner branc h, most lik ely due to a

di�eren tial buildup of p otassium ions (Grossman, P arnas and Spira, 1979b). Ph ysiological

evidence indicates that suc h a switc hing mec hanism migh t subserv e a sp eci�c function in

the case of the motor axon innerv ating the m uscle used for op ening the cla w in the cra y�sh

(Bittner, 1968). Dep ending on the �ring frequencies, spik es are routed di�eren tially in to t w o

branc hes of the axon going to separate m uscle �b ers.

These exp erimen tal studies ha v e sho wn that action p oten tials ma y fail to successfully

in v ade the daugh ter branc hes of a bifurcating axon. As the theoretical analysis b y Goldstein

and Rall (1974) p oin ted out, the single most imp ortan t parameter up on whic h propagation

past the bifurcation dep ends is its asso ciated geometric ratio

GR =

d

3 = 2

daug hter ; 1

+ d

3 = 2

daug hter ; 2

d

3 = 2

par ent

; (6.30)

where the d 's are the �b er diameters and it is assumed that the sp eci�c mem brane prop erties



Ho dgkin-Huxley Mo del 171

are constan t in all three branc hes. This should remind us, of course, of the analysis of the

branc hing passiv e cables (sections 3.1 and 3.2 and eq. 3.15) and, indeed, the reasoning is

iden tical. GR equals the ratio of the input imp edances if all cables are semi-in�nite.

Goldstein and Rall's (1974) and subsequen t analytical and mo deling in v estigations

(Kho doro v and Timin, 1975; P arnas and Segev, 1979; Mo ore, Sto c kbridge and W ester�eld,

1983; L • usc her and Shiner, 1990a,b; Manor, Ko c h and Segev, 1991) established the follo wing

principles. F or GR =1, imp e danc es match p erfectly and the spik e propagates without an y

p erturbation past the branc h p oin t (indeed, electrically sp eaking, for GR =1 the branc hing

con�guration can b e reduced to a single e quivalent c able , alb eit an activ e one; see section 3.2).

If GR < 1, the action p oten tial b eha v es as if the axon tap ers and it will sligh tly sp eed up.

The far more common situation is GR > 1, i.e. the com bined electrical load of the daugh ters

exceeds the load of the main branc h. As long as GR is appro ximately < 10, propagation

past the branc h p oin t is assured, although with some dela y (that can b e substan tial for large

v alues of GR ). If GR > 10, propagation in to b oth branc hes fails sim ultaneously , since the

electrical load of the daugh ters has increased b ey ond the capacit y of the electrical curren t

from the paren t branc h to initiate a spik e in the daugh ter branc hes. P arnas and Segev (1979)

emphasize that for eac h constan t geometric ratio, c hanges in the diameter ratio b et w een the

daugh ter branc hes nev er yields di�eren tial conduction in to one of the daugh ters if the sp eci�c

mem brane prop erties are iden tical in b oth. This implies that the exp erimen tally observ ed

di�eren tial conduction (Bittner, 1968; Grossman, P arnas and Spira, 1979a) m ust b e due

to other factors, suc h as a run-do wn in the ionic concen tration across the mem brane or

saturation of the ionic pumps that are sensitiv e to the ratio of area-to-v olume (and w ould

th us b e exp ected to o ccur earlier in larger �b ers). Note that all of these mo deling studies

ha v e assumed unm y elinated �b ers and that axonal branc h p oin ts app ear to b e dev oid of

m y elin.

Up to ten to t w elv e bifurcations (see the hea vily branc hed axonal terminal arb or in

Fig. 3.1M) can o ccur b efore the action p oten tial reac hes its presynaptic terminal where it

initiates v esicular release. The dela y at branc h p oin ts with GR > 1, in conjunction with other

geometrical inhomogeneities, suc h as the short sw ellings at sites of synaptic terminals called

varic osities , migh t add up to a considerable n um b er, leading to a substan tial broadening of

spik e arriv al times at their p ostsynaptic targets.

The degree of temp oral disp ersion w as sim ulated in the case of an axon from the so-

matosensory cortex of the cat (Manor, Ko c h and Segev, 1991). Since it is almost en tirely

con�ned to cortical gra y matter, it w as tak en to b e unm y elinated (Fig. 6.17). In the absence

of b etter data, Ho dgkin-Huxley dynamics (at 20

�

C) w ere assumed. Ab out 1,000 b outons

w ere added to the axon and the propagation time b et w een spik e initiation just b ey ond the

cell b o dy and these b outons w as histogrammed (Fig. 6.17). The �rst p eak (with a mean of

3.8 � 0.5 msec) is con tributed from terminals along the branc hes in cortical areas 3a and 3b

(see the inset in Fig. 6.17) and the more dela y ed one from those in area 4 (mean of 5.8 �

0.4 msec). Of the total dela y , ab out 22-33% of the dela y is due to the branc h p oin ts and

geometrical inhomogeneities; the ma jorit y is simple propagation dela y . Manor et al. , (1991)

conclude that temp oral disp ersion in the axonal tree will b e minor, on the order of 0.5-1 msec.
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Figure 6.17: Pr op a ga tion Dela ys along a Branching Ax on

What dela ys do action p oten tial incur as they propagate through a highly branc hing axonal tree?

This w as sim ulated in the case of an HRP lab eled axon originated in la y er 5 of the somatosensory

cortex of the adult cat. The dra wing of the axon is from Sc h w ark and Jones, (1989). Histogram

of the dela y incurred b et w een action p oten tial initiation just b ey ond the cell b o dy and the 977

terminals distributed in the terminal branc hes of the axon is sho wn at the b ottom. The t w o h umps

corresp ond to synapses from the pro ximal and the distal part of the axonal tree. Ov er the 3.5 mm of

the tree, the total dela y is 6.5 msec and temp oral disp ersion is minimal. F rom Manor et al. , (1991).
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Let us conclude with one observ ation. Computer sim ulations of branc hing axons (Segev,

I., O'Donnell, P . and Ko c h, C., unpublished man uscript) ha v e sho wn that a strategically

lo cated inhibitory synapse of the sh un ting t yp e on to one branc h of the axon, follo wing the

on-the-path theorem (section 5.1.3), can selectiv ely v eto an action p oten tial from in v ading

this branc h while not a�ecting spik e in v asion in to the second branc h. This w ould allo w

for v ery fast synaptic switc hing or r outing of information in an axonal tree (similar to a

telephone net w ork). While inhibitory synapses can b e found directly at the axon initial

segmen t (Kosak a, 1983; Soriano and F rotsc her, 1989), no synapses, whether excitatory or

inhibitory , ha v e b een observ ed on or around axonal branc hing p oin ts. It is an yb o dy's guess

wh y the nerv ous system did not a v ail itself of this opp ortunit y to precisely (in space and

time) �lter or gate action p oten tials.

6.8 Recapitulation

The Ho dgkin and Huxley 1952 mo del of action p oten tial generation and propagation is the

single most successful, quan titativ e mo del in neuroscience. A t its heart is the depiction of the

time- and v oltage-dep enden t so dium and p otassium conductances G

N a

and G

K

in terms of a

n um b er of gating particles. The state of G

N a

is go v erned b y three activ ation particles m and

one inactiv ating particle h , while the fate of the p otassium conductance is regulated b y four

activ ating particles n . The dynamics of these particles are go v erned b y �rst-order di�eren tial

equations with t w o v oltage-dep enden t terms, the steady-state activ ation (or inactiv ation) and

the time constan t. The k ey feature of activ ating particles is that their amplitude increases

with increasing dep olarization, while the con v erse in true for inactiv ating particles. F or rapid

input to a patc h of squid axonal mem brane, spik e initiation is exceeded whenev er the net

in w ard curren t b ecomes negativ e, that is when a particular v oltage threshold V

th

is exceeded.

Inclusion of the cable term leads to a four-dimensional system of coupled, nonlinear

di�eren tial equations with a w a v e solution that propagates at a constan t v elo cit y do wn

the axon. This w a v e, the action p oten tial, is due to the balance b et w een disp ersion and

restoration caused b y the v oltage-dep enden t mem brane. When injecting sustained curren ts

in to the axon, the equations predict t w o imp ortan t asp ects of the squid axon: the abrupt

onset of sustained �ring with a high spiking frequency and the v ery limited bandwidth of

the �ring frequency .

Ho dgkin-Huxley's formalism con tin ues to b e used in all but a handful of to da y's quan tita-

tiv e mo dels of nerv e cell excitabilit y , constituting a remark able testimon y to the brilliance of

these researc hers. It should b e remem b ered that their mo del w as form ulated at a time when

the existence of ionic c hannels, the binary , microscopic and sto c hastic elemen ts underlying

the con tin uous, macroscopic and deterministic ionic curren ts, w as not kno wn.

W rapping axons in insulating material, suc h as the man y la y ers of m y elin observ ed in

m y elinated �b ers that are found in all v ertebrates, leads to a dramatic sp eedup o v er unm y eli-

nated �b ers. Con v ersely , at the same spik e propagation sp eed, m y elinated �b ers can b e up

to 50 times thinner than unm y elinated �b ers. In mammals, axons ab o v e 1 �m are usually

m y elinated, with sp eeds in the 5 mm p er millisecond range, and rarely exceed 20 �m . When
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axons reac h their target zone, they branc h profusely , enab eling them to mak e thousands

of con tacts on p ostsynaptic pro cesses. As train of spik es attempt to propagate past these

p oin ts, they can b e slo w ed do wn, dep ending on the exact geometry of the junction. In the

more extreme cases, individual spik es can fail to propagate past branc h p oin ts.

W e conclude that pulses can comm unicate along axons reliably , rapidly (at sp eed b et w een

one and one h undred millimeters p er millisecond) and with little temp oral disp ersion. The

main exception to this app ears to b e propagation of trains of spik es past branc hing p oin ts.

Here, due to a v ariet y of phenomena, conduction blo c k can o ccur that will di�eren tially route

information in to one of the daugh ter branc hes or prev en t conduction alltogether.


